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1 Risk Analysis

We begin by defining a utility function u for a level of consumption c1 as u(c1) and impose the
following assumptions u′ > 0, u′′ < 0. This is the necessary condition for a strictly increasing
level of utility as c1 increases and diminishing marginal returns to additional consumption
respectively. In this way, we can model the typical asymetry of the preference of losses and
gains.

We shall define u(c1) as

u(c) =
c1−θ

1− θ
(1)

In this way, θ acts as a measure of the level of risk aversion of the representative agent.
As θ increase, the agents dislike of losses increases. We refer to θ as the coefficient of
relative risk aversion. The key implication of this equation is that the level of marginal
utility 1/cθ, determines the decisions a consumer makes. If income can either be invested in
a safe or risky asset for future consumption, or consumed and holding consumption fixed.
An economic agent will be more likely to invest at low risk free rates with a higher level
of θ, making them less responsive to changes in rf . In the case of many periods in which
to consume u(c1 . . . , cn), one can derive the key implication of the permanent income
hypothesis. Where a consumer will smooth consumption over periods.

If we assume that an agent expects their income to increase over time, then they should
want to borrow today based on higher future incomes. If everyone wants to borrow today,
then the risk free rate should be higher. This introduces us to the risk free rate puzzle.

Analysis of this utility function illustrates how we incorporate an economic agents in-
terpretation of consumption risk. An agent wants to smooth consumption over time in
order to maximise utility. In order to do so they must borrow today at the risk free rate or
invest at the risk free rate or at higher rates available with risky assets. In reality, incomes in
the future are uncertain and therefore so is ct. If people do not have much prospects for an
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increase in income in the future, then people will want to save today for future consumption,
thus implying a low risk free rate. If people expect high growth in income, they will not feel
the need to save today and as such the risk free rate will be low.

People propensity to save will depend on their level of risk aversion. If they think that
future consumption will be low, they will be more likely to have precautionary savings. This
becomes more clear with the following example.

Example 1

Suppose that consumption in the next period is either c1 or c2 with probability π, 1−π
respectively Then their expected utility will be Eu = πu(c1) + (1−π)u(c2). If we take
u(c) = c1−θ and Eu becomes

Eu = πc1−θ
1 + (π − 1)c1−θ

2 (2)

If c1 < c2, a high θ will mean the agent will be more indifferent between c1 and c2.
Suppose, c1 = 100, c2 = 200 with equal probabilities. For θ = 0, our agent will only
accept 150. As θ increases, the minimum amount they would accept falls. For θ = 1,
that is 141. Uncertainty then costs 9.

Eu is known as the certainty equivelant, the level of consumption our agent would be
willing to accept instead of the lottery.

2 The CCAPM and Asset Pricing Puzzles

We will now introduce and examine an asset pricing model in the form of the Consumption
Capital Asset Pricing model. Suppose we have a utility function as specified in section ??,
u(ct) for a given level of consumption in period t and a level of income yt = ct + ζpt. Where
ζ is the amount of an asset of price pt bought in period t. By picking a level of ζ, ct is
chosen. In this way we can substitute ct into utility from two periods u(ct) + βu(ct+1).
Where ct+1 = yt+1 + ζxt+1, where ζxt+1 is the total return in period t+ 1 from holding asset
purchased in period t.

u(yt − ζpt) + βu(yt+1 − 5ζpt+1) (3)

As we said, by deciding on ζ, we determine ct. So we maximise ?? with respect to ζ,
yielding the first order condition

−ptu′(yt − ζpt) + βEt[ut(yt+1 − ζxt+1)] =0 (4)

−ptu′(ct) + βEt[xt+1u(ct+1)] =0 (5)

⇒ ptu
′(ct)︸ ︷︷ ︸

Margina Cost

= βEt[xt+1u
′(ct+1)]︸ ︷︷ ︸

Margina Benefit

(6)

This yields a marginal benefit/marginal cost equation. Dividing across by u′(ct) yields

pt = β
Et[xt+1u(ct+1)]

u′(ct)
(7)
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From this, we can see how the price of a stock depends on the relative levels of marginal
utility in each period xt+1 and β. If expected returns is high, then the stock will command a
higher price. If expected marginal utility is much greater than the current periods marginal
utility, then incomes are expected to be low in the future (u′′ < 0) and as such people will
demand a constant level of xt+1 more as it will be a larger proportion of their expected
income and the price commanded of that asset will be higher (Assuming xt+1 is i.i.d with
ct,t+1).

We will denote mt+1 = β u
′(ct+1)
u′(ct)

and refer to it as the stochastic discount factor (when

mt+1 ↑, you are hungry). Then our equation becomes pt = Et[mt+1xt+1]. To examine this
relation further, we must not assume iid and expand the expected value term,

pt = Et[mt+1]Et[xt+1] + Cov[mt+1, xt+1] (8)

If m,x covary positively, the asset acts similar to insurance. When future expected incomes
are relatively low (y1 > y2 ⇒ c1 > c2 ⇒ u′(c1) < u′(c2) ⇒ m2 ↑), people demand this asset
because it will pay off in bad times. By the same logic, if it covaries negatively, it will pay off
in good times, and as such will not be as attractive as an asset that pays off in good times
as incomes are already high thus the price will be lower. This is the hedging property of
an asset.

Example 2

Within this structure we may price a bond which pays off one next period as

pt = (1)Et[mt+1] = Et[mt+1] (9)

In other words, the price of this bond today, depends on the expected relative state of
the economy tomorrow.

Alternatively, we may examine the gross return of a stock Rt+1 = xt+1

pt
. If the price is

high, the return on that stock is low.
In recent times, German Bunds have commanded negative yield to maturities. This

means that it costs you money to hold them. These have a high correlation with bad times
and as such, act as insurance. If people think that incomes will be much lower in the future,
the cost of holding the bond will out weight the expected loss in incomes in the future. When
times are expected to be bad, people will flock to buy bunds and thus command a high price,
returning a capital gain on owning the bond.
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2.1 The Risk Free Rate of Return

The risk free rate of return rf , is the rate at which one can receive such that there is no
uncertainty. To arrive at an expression for rf , we note that cov(rf ,mt) = 0 must hold.

1 =Et[mtR
f
t+1] (10)

=Et[mt]Et[R
f
t+1] (11)

=Rf
t+1Et[mt] (12)

Rf
t+1 =

1

Et[mt]
(13)

We may now include this expression into our expression for pt. Our previous result implies
that Et[mt] = 1/Rf

t+1. Subbing this into equation (??) one finds

pt =Et[mt+1]Et[xt+1] + Cov[mt+1, xt+1] (14)

pt =
1

Rf
t+1

Et[xt+1]︸ ︷︷ ︸
Discounted return of asset

+Cov[mt+1, xt+1]︸ ︷︷ ︸
Risk Premium

(15)

To arrive at a formula for rf , we express β = 1
1+ρ

, where ρ is the impatience parameter.

Then consider the standard utility function as in equation (??). We can now consider how
would one choose β, θ in order to maximise ones overall wealth? This would be β ↑, θ ↓.
Thus implying a low level of risk aversion and high patience. Then the risk free rate becomes

rf = ρ+ θgc −
1

2
θ2σ2

gc (16)

The risk free rate is a function of impatience, consumption growth, the level of risk aversion
and the variance of consumption growth. This becomes intuitive after considering;

• High levels of impatience imply that people prefer to spend their money now, leaving
less for savings. As a result, there is a low level of wealth in the savings pool and as
such to borrow will be more costly.

• The variance of consumption growth σ2
gc , captures precautionary savings. If con-

sumption volatility is high, the risk free rate will be lower, implying more savings.
Since θ > 1, high levels of risk aversion accentuate this relationship.

• θ dictates one’s desire to smooth consumption over time. A high level of θ means that
you want to smooth consumption. If everyone wants to smooth consumption, people
will want to borrow today in expectation of higher future incomes. As a result, the
risk free rate will be high.

Recall that in the Taylor rule, we have a natural/fundamental interest rate r∗t .

it = πt + r∗t + aπ(πt − π∗t ) + ay(yt − ȳt) (17)

This is the nominal rate. Combining equation (??) and (??), we arrive at the nominal rate
πt + rf = it.
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2.2 The Risk Free Rate Puzzle

We observe in the data, a large amount of savings but at the same time a very low risk
free rate. Further more, we expect to see a high risk free rate as people borrow from higher
expected incomes. This is known as the risk free rate puzzle. Some explanations include

• Borrowing Constraints - In our model of the representative agent, we assume that
their is absolute availability of credit to smooth consumption. In reality, this unlikely
possible for everyone to do. As a result, their is not as much demand for borrowing
money, as such the price to borrow money at (the rate of interest) is low. This keeps
the interest rate low.

• Artificial Risk Free Rate - Treasury bills, which are generally used as a proxy for the risk
free rate are often used for different purposes then smoothing consumption. They are
used as a method to hedge risk of liquidity and inflation. There are also institutional
reasons to keep them low. If a country is going to war they may want to keep rates
low so the government can borrow for less. This is also explained in the Barro study.

2.3 Risky Asset Rate of Return

With a notion of a risk free rate of return, we may now define a risk premium. The marginal
return above the risk free rate to reward an investor for accepting the risk. In order to do so,
we must assume that Rt is a random variable. Denote ri as the return from an risky asset.
From the CCAPM, we can find the expected value of ri as

Et[ri] = rf −
Cov[ri, u

′(ct+1)]

Et[u′(ct+1)]
(18)

The risk premium then become ri−rf . If a risky asset covaries positively with u′(c), then
it pays off when c is low. Such an asset exhibits an insurance property and as such ri < rf .
In most cases, a risky asset will pay off low in times of low c. It will then have a negative
covariance term and as such ri > rf . Note that the CAPM is an extension to the CCAPM
where a market index is used as a proxy for the stochastic discount factor mt+1.

Further simplification of the CCAPM through the motivations that consumption risk is
the only fundamental risk as it is a result of all other risk factors (this is true if we consider
an agent who only cares about maximising their consumption), we can derive the following
expression for the risk premium E[ri − rf ].

E[ri − rf ] = θCov[gc, ri] (19)

If an asset pays off in good times, it will command a higher risk premium. All else held
constant, θ ↑ implies a greater risk premium. We can therefore also interpret θ as the price
of risk.

By using historical data for the risk premium and its covariance with a proxy for gc. We
can derive an implied level of risk aversion θ. This introduces us to the equity premium
puzzle. In order to satisfy equation (??), we must select an unreasonably high level of risk
aversion.

5



In a risk neutral world, the level of marginal utility from consumption is constant over
time. As a result, the covariance of a risky asset with u′(c) is constant and as such ri = rf .
From this, we can see how u′(ci) captures systematic risk (risk common throughout the
whole economy). This is aggregate risk and is non-deversifiable.

Expanding the covariance term

Et[ri − rf ] = θσriσgcρ (20)

Et[ri − rf ]
σri

= θσgcρ (21)

This gives us the Sharpe ratio. For the equity market as a whole, it is around 0.4. They
differ across asset classes. It gives us a basic idea of the amount of reward relative to the
amount of risk.

3 The Equity Market

In this section, we apply the CCAPM to empirical data in an attempt to explain the variation
in the true equity premium observed. We may do this in two ways. Through the variation
of individual stocks at a given point in time and how the equity premium changes over time.

3.1 Cross-Sectional Dimension

In order to test the CCAPM in the cross-sectional dimension, we select a number of stocks
1, . . . , i, . . . n. According to the CCAPM the risk premium is

E[ri − rf ] = θCov[gc, ri] (22)

Multiplying this by V ar[gc]
V ar[gc]

one finds

E[ri − rf ] =
V ar[gc]θCov[gc, ri]

V ar[gc]

=V ar[gc]θ
Cov[gc, ri]

V ar[gc]︸ ︷︷ ︸
OLS Estimate

=βiθV ar[gc]

=βiλ

Note the substitutions βi and λ. We then have ri − rf = βiλ + εi. Collect the β terms
and the associated average risk premiums ri − rf . We then run a cross sectional regression
on these items. As the covariance of the asset and gc increases (β) also increases. As high
covariance are associated with high risk premiums, we expect to see a positive coefficient on
the β terms. This is know as the Fama-Macbeth two stage method.

Using this method it is possible to achieve relatively high R2 values. This implies that
on the cross sectional dimension, the CCAPM performs well.

Note that λ captures both the volatility of consumption growth and the level of risk
aversion.
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3.2 Time Series Dimension

In order to examine the performance of the CCAPM in the time series dimension. We must
rationalise variations in the risk factor over time.

• In recessions prices are low implying a low realised return.

• Prices fall to generate high subsequent returns (exante).

By including time subscripts in the CCAPM we have

Et[ri − rf ] = θtCovt[gc, ri] = θtσgctσritρt (23)

This way, we get a mechanical increase in the risk premium when gc and ri are low. An
important implication of this is that during a recession, the level of θ increases. This results
in a higher risk premium and can be rationalised as; during a recession, those who assumed
high levels of risk (θ ↓) are effected the worst. As a result they leave the market and as a
result the aggregate level of θ rises.

Figure 1: Consumption and Excess return

Empirically, the CCAPM performs poorly in capturing the variation witnessed in the time
series dimension. As previously mentioned high levels of risk aversion are required (θ ≈ 52).
More elaborate models allow θ to vary over time. When examining the consumption over
time with excess return as in figure ??. One finds that consumption varies a lot less than
excess return.

3.2.1 Time Variant Expected Returns

In this section, we examine some stylist facts and their implications on a portfolio strategy
with time variant expectations. When stocks fall in a recession, bonds tend to go up in value.
Now suppose that we hold 50% stocks and 50% bonds. The stock market suffers a big loss
in the result of a recession, the value of our stock holdings decreases to 20%. Now the price
of the stock is low, the price of the bond is high. Should we rebalance to stay on strategy?
If we sell our excess bonds we sell at a high price. If we buy stock, we are buying when
the expected return is high. This strategy is optimal in the case that our initial strategy is
correct. Atleast it is better than buy and hold.
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3.3 Explaining the Equity Premium Puzzle

A large part of financial economics is to explain this equity premium puzzle. There have
been various modelling implications and behaviour rationalisations of a large coefficient of
risk aversion.

3.3.1 Habit Persistence

A small change in consumption may seem ok, but the change in utility may be far greater.
Therefore it is necessary to make transformations to consumption so that we can mimic
this. For example, suppose you were no longer able to afford getting take away coffee. This
may only be a small percent of your overall consumption but the loss in utility would be
significant.

This can be modelled through Habit Persistence. Whereby an agent has a base level
of consumption in which they compare their own level of consumption to. They strongly
dislike falling below this level.

u(ct) =
(ct − xt)1−θ

1− θ
(24)

where xt is a trend increasing index of consumption. It may be interpreted as a neigh-
bours level of consumption which our representative agent strives for. Formally, this this
formulation commands a higher level of θ.

3.3.2 Rare Disasters

Barro claims that the existence of potential rare economic disasters can explain many asset
pricing premium puzzles. By allowing for low probability disasters in the representative
agents decision of consumption. This was also modelled on an output side using a simple
tree and seed model Yt = AKt where output (fruit) can either be invested or consumed. We
allow for depreciation of capital as a result of rare disasters which wipe out a proportion of
the trees with probability p > 0. Thus trees depreciate at a rate of δ > 0 with a stochastic
term δt wiping out a proportion of ηt trees. As well as explaining the equity premium puzzle.
This formulation of capital and representative agent model helps explain the low risk free
rate puzzle.

3.3.3 Memory Learning

Sargent and Coley attempt to explain the equity premium puzzle with a behavioural ra-
tionalisation. They think that a significant proportion of the population as a result of the
demographic are scared off from joining the equity market, as they have experienced times
of severe recessions. As such their is a lack of demand in the market keeping prices low and
as such expected returns are high. This would explain the observed level of equity premium
and the high aggregate level of risk aversion.

3.3.4 Myopic and Epstein-Zin Preferences

Epstein and Zin hypothesis that increasing levels of stock market access, more people are
holding their wealth in the stock market. They also consider that as people are now holding
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more of their wealth on the stock market and can easily check it that they will have this
in their utility function as u(ct, wt) (this could also be for reasons such as bequests and
legacies).

It is easy to rationalise that in this sort of world, there are behavioural implications on
our representative agent that they have a dislike of losses. Combined with the observed
volatility of asset prices and tenancies to check value of wealth regularly this fact can be
accentuated. This would add weight to Richard Taylor’s idea that people are myopic (short
sighted, people check their portfolios too regularly). This in turn, keeps people out of the
market, prices low and returns high.

3.3.5 Heterogeneity

It’s still mostly the rich who hold equities. Rather than examining aggregate consumption,
why not examine consumption of luxury goods? This is a lot more volatile. This is a proxy
for consumption of upper income groups. If rich are the only one who hold equities then
they should reap the rewards. Heterogeneity in general goes a long way in explaining the
equity premium puzzle but it brings in a new issue of the limited participation puzzle.
Why don’t more people participate in the market?

3.4 Non Risk Based Stories

Perhaps it is a measurement issue and consumption is actually a lot more volatile then it
appears to be? Consumption is generally only measured using survey data. A study using
garage did a lot better job than using standard consumption metrics.

Perhaps it is the equity premium we are not measuring correctly? This brings in a
problem of survivor-ship bias. We only see the data of the good countries.

3.4.1 US Stock market Distribution

How an individual interprets stock market returns compared to how they truly are can have
implications on the level of risk aversion of the representative agent. We can observe the
distribution of stock market returns overlayed on a normal distribution. Here we can see
that empirically, stock market returns exhibit fatter tails than a normal distribution. This
is known as leptokurtic, where the distribution of returns is less centred around the mean
than a normal distribution. The opposite to this is platykurtic. A risk averse agent would
prefer a platykurtic world.

What if the true distribution of stock market returns is actually normal. But we observe
the world as if it was leptokurtic. This would drive people out of the market and as a
result prices low and returns high. We must also consider how people see the skew in the
distribution. Do they see negative returns as more likely? This would imply a negative skew
in the distribution. This would also give weight to Barrows claim of the existence of rare
disasters causing the equity premium puzzle.

We must also consider who it is that holds the majority of the stock market. In general,
only those with enough wealth can own stocks. Those with a low income will not hold stock.
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Then to model the behavioural of our representative agent using aggregate consumption per-
haps would be misleading. By modelling the equity premium with luxury good consumption
as opposed to aggregate. We may better represent the true economic agent. This argument
is often referred to as heterogeneity of investors. This implies that more risk loving people
(wealthy individuals who can afford the loss) hold more stocks on average.

The majority of research into the level of risk aversion of the representative agent has
been conducted on the us stock market. However, this would not be a true random sample
or returns. Neither will be our measure of consumption. Only good countries will appear in
the data. (4th year results not indicative of quality of students, they only survived to get
there.) This is known as survivor-ship bias. Also, the range of uncertainty is very high
(3%,11%). This suggests a large amount of inaccuracy in our consumption measurement.

All the explanations for the equity premium puzzle have the same mechanical effect.
They all try to rationalise low prices in the stock market which would explain high returns.

3.5 Measuring M

In essences, all models come back to the CCAPM (consumption is the only true economic
risk). They seek to measure some sort of risk that investors get rewarded for. M is some
measure of bad times. We require that M increases the worst the times are. This could be
a mimicking portfolio of stocks which reflect bad times which we will see later on.

In the case of a multi-factor model, M is simply

mt+1 = β
u′(ct+1)

u′(ct)
= a+ bf 1

t+1 + cf 2
t+1 + . . . (25)

To develop a proxy for M the contents of it must effect the average person. It is very
general but must always come back to consumption risk. The most basic example is a market
portfolio such as the S&P500.

Note that if you are not the average investor, say you make all of what you consume
from the trees, then levering up on consumption risk would be beneficial. You can enjoy a
premium when times are good and when times are bad it doesnt effect you.

3.6 Dividends

Standard economic theory suggests that the price of a stock is the net present value of all
future dividends. If this is the case, then dividends should do a pretty good job of explaining
prices. We can investigate this by examining the co movement of a value weighted dividend
price ratio dt

pt
. Then dt/pt ↑⇒ high prices ⇒ recession. Running a regression on

Rt≥t+k = α + β
dt
pt

+ εt+k (26)

In the original study, this yielded an R2 value of 0.22. Then plotting a discounted weight of
actual subsequent discounted dividends, the lack of co-movement concluded that the lack of
explanatory power of dividends means that the market was irrational.
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4 Fama-French Portfolios

The Fama French 3 factor model introduces two new risk factors to the standard CAPM1

model. These include the HML (high minus low) portfolio and the SMB (small minus big)
portfolio. They are constructed as follows

SMB

• Order stocks in increasing order of market share.

p1, p2, . . . , pn

Where (pi)(#Shares) > (pi+1)(#Shares)

• Take the smallest 10% (say) of all stocks and go long (buy).

• Then take the same of the largest stocks and go short (sell).

This is the SMB portfolio. This portfolio would be reconstructed at specific intervals to
reflect the above formulation.

Risk Factor: SMB

We may interpret the SMB portfolio as the state of liquidity of the economy. When the
SMB is performing badly, the economy is in a poor state of liquidity. The reasoning
behind this interpretation is that in times of poor liquidity, small firms cannot avail of
cash where as larger firms can. This means poor small firms do poorly and large firms
do relatively better. As we short large firms their performance negatively effects the
portfolio.

HML

• Order stocks in decreasing book to market ratio B/M . Where B is the book value of
the stock as reported in the balance sheet and M is the market capitalisation.

• In a similar fashion as the SMB, take the smallest B/M stocks and go short (sell).

• Then go long on the highest B/M stocks.

This is the HML portfolio.

1Note that the CAPM is an extension to the CCAPM model whereby the market index is used as a proxy
for the stochastic discount factor mt
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Risk Factor: HML

We may interpret the HML portfolio as a proxy for distress risk. We are buying stocks
of good value (high book to market ratio). These stocks have relatively cheaper prices.
In good times, we expect the price to increase to reflect the book value. If there is a
recession that is worse on average, this price increase to book value would likely not
occur. By the construction of the HML, we are buying stocks which present good
value, and shorting stocks which are expected to grow. We must also consider the fact
that perhaps the performance of the HML represents an institutional anomaly where
institutional investors are less likely to pick value stocks. And as a result, the HML
will perform poorly as the lack of investment value stocks is not enough for its price
to increase, leading to institutional mispricing.

The Fama-French three factor model then becomes

E[ri] = rf + βm(rm − rf ) + βSMBSMB + βHMLHML (27)

We now have a three factor model where we seek to model expected returns of a risky
asset with the HML, SMB, market portfolio and the risk free rate (treasury bill). These
variables attempt to proxy for three mutually exclusive risk factors. Distress risk, liquidity
risk, consumption risk and the return available assuming zero risk respectively.

4.1 The Carhart Model

We will now propose an extension to the fama french 3 factor model. We do this seeking to
account for a new risk factor in the form of another portfolio similar to the ones just seen.
We refer to it as the up minus down (UMD) portfolio. It is constructed as

UMD

• Order stocks in order of returns over the last 12 months.

• Select the stocks which have performed the worst and go short (sell).

• Select the stocks which have performed the best and go long (buy).

This is the UMD portfolio.

Risk Factor: UMD

If the UMD portfolio performs poorly, then stocks which previously have done well are
now doing poorly. If they continue to do well then the UMD portfolio will do well. We
say that the economy is exhibiting momentum. We can as such interpret the UMD
portfolio as a proxy for momentum in the economy. The tendency for stocks who
performed well to continue to perform well and similarly stocks who perform poorly
will continue to perform poorly.

The model then may be written as

E[ri] = rf + βm(rm − rf ) + βSMBSMB + βHMLHML+ βUMDUMD (28)
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4.2 Interpreting the Model Coefficients

When adding factors to any model to explain the return of a risky asset, is important to
have clear economic interpretations of the factors as discussed. Recall the estimate of βi of
the OLS method.

βp =
Cov[r, xp]

V ar[xp]
(29)

Suppose we have a βp > 0. Then our risky asset will covary positively with that risk
factor. Thus the expected return of that risky asset will be greater than a stock that covaries
negatively with that risk factor.

In context of the SMB portfolio. A stock with a negative βSMB would imply that it
covaries negatively with the SMB portfolio. When SMB ↑⇒ ri ↓. Then the stock exhibits a
hedging property against liquidity risk. By interpretting a portfolio like this as a risk factor
and examining an assets correlation with that risk factor, we may examine the attributes of
an asset. This interpretation framework is used for interpreting the βp in this kind of model.

It is helpful to interpret an asset as a linear combination of different risk factors. We
can imagine this in terms of the return of eating food. We can decompose chocolate into a
combination of fats and sugars.

In the last number of years, the SMB effect has lost significance. Perhaps it has been over
exploited since it being discovered and as such the effect priced out. However the HML effect
still is prominent in the data. This gives additional weight to the economic interpretation
as a risk factor.

It is important to take great care in interpretting these coefficients. If there exists an
excess return, there will be a β different from zero. This begs to question, is what we observe
in these analysis just pure fluke? How robust our findings are is very important.

If the effect goes away, was it ever a risk factor? Or was it just a temporary mispricing
which has now been realised by the market. For example, in recent times the small firm
effect has gone away. This would suggest that investors have now taken note and the excess
demand has driven away the effect. Remember, to have low expected returns, there must
have been high expected returns to get there.

5 Other Stock Market Anomalies

In the context of this course, if returns cannot be fully described by the full Carhart model,
we say there is an anomaly. That is, we found alpha.

In this section present an overview of anomalies found empirically in the stock market.
These anomalies are often times derived from the CCAPM and other multi factor models.
When an asset exhibits a significantly different α intercept from zero and α > 0. It is
considered to exhibit risk adjusted positive return.

First we consider investing in a stock with a βm > 1 as leveraging the market portfolio.
It is equivalent to borrowing at the risk free rate and investing in the market, if the CAPM
were to be true.
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Figure 2: Betting Against Beta

5.1 Low Volatility Puzzle

Examining a cross section of the equity market, there is significant spread on the volatility
of individual assets. Volatility is often reffered to as a risk factor however it does not tell the
whole story. High variance of stock price does not imply that there will be high expected
returns. Here we present the low volatility puzzle where assets with lower volatility exhibit
higher risk adjusted returns (risk adjusted returns refer to the α intercept of a model) then
stocks of higher volatility.

To illustrate the low volatility puzzle, divide up stocks into quintiles determined by vari-
ance. Compute the average return and plot. One will find a negative relation of idiosyncratic
volatility and average returns. There is also a strictly decreasing relation of the raw sharpe
ratio and volatility. Furthermore, we can construct a portfolio in the same manor as previ-
ously discussed to short high volatility stocks and go long on low volatility stocks. Modelling
the returns of this portfolio with the carhart model. The volatility factor had a 0.42% risk
adjusted return with a 4.36 t-stat. Furthermore it had a high negative βSMB suggesting a
hedging property against liquidity risk. Firms with low volatility are not exposed to liquidity
risk.

One possible rationalisation of this fact is that people buy stocks with a high variance in
the hope of high returns and pay more attention to them. As low volatility stocks may be
igonored, there prices are low and have high expected returns.

5.2 Betting Against Beta

In the same manor as before, on observing a cross section of the stock market we can obtain
a number of βm,i coefficients as of a CAPM. Then in the same manor, as in section ??, we can
run a regression on the expected return and βm,i. The model will under predict stocks with
a low β coefficient and over predict stocks with a high β coefficient. This may be illustrated
in the following figure.

We may construct a portfolio to take advantage of this fact. If we select a proportion
of the smallest β and go long, and go short on the same proportion of the highest β. We
may show that our expected return is entirely risk free. By letting E[rL] = α + βrm and
E[rH ] = −α + 2βrm. We short the high β and go long on low. Our expected return is then
3α.
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In testing, this anomaly shows up well in the carhart model. It achieves a nearly statis-
tically significant α = 0.33. If we consider an over reliance on β analysis, these results make
much sense. If people desire a high β for their investment, they will purchase stocks far out
to the right. Then they will be fundamentally overpriced and expected returns will be low.

As the beta of this portfolio will be zero, we expect the security market line to be
flat/horizontal.

5.3 Quality Minus Junk

Asness, Frazzini and Penderso (2013), presents a quality minus junk security. Considering a
quality asset, all else being equal we should expect to see an investor pay more for a higher
quality stock. By attempting to measure the quality of the stock with

• Profitabillity - Proifts per unit book value

• Growth - Stocks with growing profits should command a higher price. Growing profits
are determined by previous 5 years of growth in each profitabiltiy measure.

• Safety - All things remaining equal, an investor should be willing to pay more for a
stock which exhibits safety. A return based measure of safety is considered (βm and
volatility are considered).

A portfolio is constructed in the same manor as before where we go long on quality and
short low quality. In doing this, high quality stocks had higher risk adjusted returns. When
modelling the QMJ portfolio, the asset exhbits significant risk adjusted returns.

The price of quality also appeared to vary intuitively over time. By doing cross sectional
regressions over different time periods, a price of quality can be determined. This was found
to be at its lowest during the .com bubble which makes sense.

The price of quality is naturally associated with the return on a quality stock. If the
price of quality is high then the expected returns of a high quaklity stock are low.

However, the QMJ factor did not increase explanatory power of models by significants
amount. This was suggested to be because of market prices failing to fully reflect these
charactersitics due to behavioural finance related issues and or constraints. Alternatively
prices are determined on superior quality measures or endogeniety issues.

As we previously noted, the size effect which we stopped observing soon after it’s discovery
in the 1980s, returns when we include the quality minus junk factor. The HML portfolio can
be considered buying and selling stock based on its quality irresepctive of price, where QMJ
is buying on price irrespective of quality.

The QMJ portfolio exhibitted a flight to quality during crises. It also was negatively
correlated with all risk factors in the fama french 3 factor model with statistically significant
coefficients.

6 Mutual Funds

A mutual fund is a firm which seeks investors capital to purchase a portfolio of stocks and
bonds. A skilled manager invests the money on the investors behalf. The investor owns a

15



share in the mutual fund and recieves dividend payments and the capital appreciation. A
fee is generally charged by the manager for managing the investments.

With the framework that we have outlined in the fama french 5 factor model, we may
assess the risk adjusted return achieved by mutual fund managers. By running an OLS on
the 4 risk factors, we may assess the significance of the intercept term and its likelihood to
be different from zero.

The carhart model is a widely accepted benchmark model for assessing the performance
of a mutual fund. If the 4 fisk factors cannot explain the excess returns, the alpha will be
positive.

6.1 Persistence in Mutual Fund Performance

Carhartt conducted a study on the persistence of mutual fund performance. He includes all
mutual funds in the timeframe of his study to minimise the survivorship bias. Mutual funds
were sorted by mean excess returns and 10 decile portfolios created. Using the CAPM, he
found the first two deciles achieved positive risk adjusted returns significantly different from
zero where as the remaining portfolios did not. When using the Fama-French 4 factor model,
all risk adjusted returns were less than zero with nearly significant coefficients.

A spread portfolio was constructed on the first and last deciles. This achieved positive
risk adjusted returns with t stat of 2.13.

The lagged percent return was included in the time series regression. A positive coefficient
was found for the first 8 deciles which were all strongly significant. The size of the coefficient
was strictly decreasing through deciles.

Carhartt found that the most effective strategy in investing in mutual funds is to invest
in the top performing mutual fund from the previous year. Thus exhibiting a two year
persistence of mutual fund performance.

This may be done through a time series regression. When we include fees into expected
returns, the alpha is generally less than zero. This suggests that mutual funds is a wasteful
exercise

Carhartt also investigated the determinants of mutual fund performance. He found that
risk adjusted returns was negatively correlated with expense ratio, Turnover per month and
buy/sell turnover.

6.2 Diseconomies of Scale

Berke and Green (2004) posed the question, if mutual funds are known to have negative risk
adjusted returns, at the same time the fund managers are supposedly skilled. Then why
does active investing persist? They put emphasis on the fund manager having the ability
to generate positive risk adjusted returns and hypothesise a diseconomies of scale. If a fund
manager one year achieves α >> 0, through a given strategy. The following year people
invest in this fund because of its performance. The large increase in the size of the fund,
arbitrages the the α→ 0.

Key take away for Berke and Green is that it is important you take into account the
AUM when considering the performance of a mutual fund manager. In equilibrium, there
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can be a skilled manager who obtains a negative alpha. This is just because the positive
alpha has been arbitraged away. Implies that search for alpha is a zero sum game.

Gruber (1996) found that worse funds tended to charge higher fees. This would make
sense in the context of Berke and Green’s study. If a fund is highly demanded, the cost to
investing in that fund will increase. The excess return then would be arbitraged away and
the fund would appear to have performed worse.

The issue is that the manager may not be able to replicate the previous years performance
under a much larger scale as opposed to a niche market investment. This is why some funds
opt to reduce the size of their assets to ensure investors get their alpha.

We may also rationalise the on average negative risk adjusted returns of hedge fund
manages to market efficiency. If someone receives a positive α. There must also be someone
to receive a negative α. this results in the aggregate ᾱ = 0. When we include fees, ᾱfees < 0.

6.3 Distribution of Alpha

Fama and French conducted a study where they assessed every mutual fund to examine the
risk adjusted rate of return. They then construct an empirical distribution of the alphas and
compare it a theoretical distribution of alphas by chance. They found that the distribution
of alphas was close to the theoretical distribution and as such concluded it was down to
chance if a fund gained significant positive risk adjusted returns.

Some Jargon

• Open End Fund: Fund which issues shares on demand. You purchase and the
fund reinvests the proceeds under their strategy in place.

• Closed End Fund: Issues a limited number of shares and are traded on the
stock exchange. You must purchase a share of someone who is already holding
the stock.

• Net asset value: Value of assets minus value of liabilities. The cost of a closed
end fund should be equal the NAV/#Shares

7 International Finance

In this section, we make some observations of investors behaviour in investing in international
markets, discuss how exchange rates are determined and examine two interest rate parity
conditions.

In the international CAPM, stocks are subject to systematic world market risk. When
a company moves from operating domestically to internationally, they then move from do-
mestic to worldwide systematic risk. As such, the returns to that company now move less
with respects to the world market and as such the β will fall. As a result the cost of capital
will fall domestically.

Suppose that the Irish market goes from a closed economy to an open economy. Within
the Irish economy is Ryanair, a profitable multinational corporation. When international
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investors get the chance to invest, there is more investment demand in the Irish economy so
prices for such assets increase. Therefore the expected return of that asset falls. At the same
time, there is an increase in investment in the Irish economy. This has an affect of reducing
the co-movement of Irish assets with the world market. This is a watering down effect.

7.1 Home Bias

There is a large amount of home bias witnessed empirically on a cross sectional dimension.
Investors tend to hold an unnecessarily high proportion of their investment in domestic
assets. When considering how a rational agent would attempt to minimise exposure to risk,
we would expect them to hold a larger proportion of foreign assets considering their labour
income comes from their home country. Furthermore, taking an economy like Ireland as an
example, Ireland may only make up an insignificant proportion of the world market. But
Irish investors hold on average 40% of their wealth in Irish assets. Theory suggests that they
should be diversifying their portfolio to minimise risk.

This observation is consistent in many smaller economies across Europe. Dskeland and
Hride (Journal of Finance 2010) found that Norwegian households own stock in the industries
which they work. This is often the result of stock options as a compensation. Despite these
stocks not performing well, households still to choose to hold them. This increase the risk
to the household.

Some reasons for the home bias include barriers to investment in foreign markets such
transaction costs, lack of information and regulations such as capital controls, pose a large
deterrent to foreign investment. Furthermore, investors are subject to familiarity bias which
makes them more partial to investing domestically.

One rationalisation of this inconsistency with what is observed and what we expect is
that domestic MNCs diversify for us. For example Ryanair is a European airline. Investing
in Ryanair will expose an investor to every economy in Europe. Furthermore, since the
introduction of the single euro currency, the level of home bias in the European economy has
been reducing. This makes sense as if a country holds too much foreign currency denominated
debt, this can cause undue tension for monetary policy.

7.2 Exchange Rate Determination

It is often said that the best predictor for exchange rate is todays price. This is certainly
true in the short term. We will now look at the determining factor of exchange rates

7.2.1 Uncovered Interest Rate Parity Condition (UIP)

Most basically, the UIP predicts that high interest rate currencies tend to depreciate. In
essence, it is an arbitrage relation commanding that domestic return and foreign return must
be equal despite interest rate differentials. Note the exchange rate is the domestic price of
foreign currency. High E ⇒ weak currency. The UIP condition is as follows

1 + it =
Et[Et+1]

Et
(1 + i∗t ) (30)
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Where i∗ is the foreign interest rate. If interest rates are higher abroad, then that currency
will weaken. In this way differences in returns across the world are arbitraged away. High
interest rates predict currency depreciation. However this does not perform well empirically.
In fact we have seen that the exchange rate often amplifies the return as countries with a
high interest rate actually tend to appreciate.

7.2.2 The Carry Trade

Empirically, the UIP condition fails to hold. High interest rate countries tend to have
appreciating exchange rates, opposite to what is predicted by the UIP. There are two aspects
to the carry trade. The interest rate differential and the potential for the high rate country to
have appreciating exchange rates. By borrowing at the low interest rate we are getting cheap
money, and by investing in the high rate we are getting better returns. The exchange rate
appreciation will amplify this when we convert our money back into the low rate country.

One risk to this is the bandwagon effect or other global events effecting the FX. If everyone
is conducting the same trade and exits around the same time, there will be lots of people
selling the high rate currency and the high rate currency will depreciate rapidly.
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The Carry Trade

Order currencies by their domestic interest rate and compile into an even number of
portfolios. Using the fact that on average, the low interest rate currencies do not
appreciate enough to offset the lower interest rate, while high interest rate countries
do not depreciate enough to offset the higher interest rates. We go long on the High
interest rate countries and go short on the low rate countries.
High interest rate countries depreciate by no more than 14%, while the currencies in
the first portfolio appreciate by 1.29%. This shows us that this exhibits a risk premium
for holding currenices with a higher interest rate.
An example of a carry trade would be going long in a high interest rate currency
such as the New Zealand dollar. This is the carried currency. We are betting that
the carried currency foreign exchange value will rise. While simultaneously taking a
short position in low tate currency as Japanese Yen. We are betting that the foreign
exchange value will fall. Thus the investor will borrow in Yen and invest in NZ$.
Extending on this example, a carry trade could merely be shifting from low rate assets
to anything else – emerging market debt, equities or real estate. This also makes the
risk factor of this trade clearer.

Bad Times

This strategy has shown to pay off on average. But this masks a world of hurt. Losses
on the carry trade can be very large. The carry trade is very highly correlated with
the market index. Especially in bad times, this becomes more apparent. The level
of exchange rate gives an idea of the level of risk the currency exhibits. The ”Band
wagon” effect extends the carry trade returns even further. The dynamic risk factor
is when everyone decides to move out of their position. If everyone sells the carried
currency at the same time, it will depreciate rapidly.
During market wide financial distress, low interest rates countries are generally a safe
haven for investors. For example, the German Bund posesses good hedging properties.
This results in an influx of investment into the low rate currencies and the exchange
rate affect will kill returns on the carry trade.

7.2.3 Covered Interest Rate Parity Condition

The UIP is am arbitrage condition conditional on the expected exchange rate in the next
period. We may express the same relation in terms of futures on exchange rate. This acts
as guidance in the determination of future exchange contracts.

1 + it =
Ft
Et

(1 + i∗t ) (31)

This condition is used to buy future contracts on a carried contract to hedge against or
circumvent currency risk. When examining interest rate parity conditions, it is conventional

20



to look at it in terms of logs

log(
Ft
Et

) + log(1 + i∗t ) = log(1 + it)

tt − et + i∗t = it

it = i∗ + ft − et

This shows, that risk associated with currency fluctuations on the carry trade can be hedged
to guarantee the same return as the domestic exchange rate from a foreign asset using future
contracts.

When the foreign interest rate is high, i∗ > i we expect the domestic currency to appre-
ciate f < e. This is referred to as the forward discount. When we buy currency at this rate
for the future we are getting foreign currency at a discount. Empirically we do not observe
this but we tend to see the opposite. This contradiction of theory is know as the forward
premium puzzle. (When we buy forward, we get at a discount when in reality we expect
the currency to appreciate.)

Although the CIP almost always holds, there have been times when it has not. The
financial crisis there was a prominent time it did not hold. The CIP assumes that both
assets have the same risk characteristics. This is not always the case. Interest rates are not
always risk free such as the 08 crisis. There is also a risk that the forward contract will not
be honoured (capital controls).

7.2.4 Purchasing Power Parity (PPP)

PPP measures the relative purchasing power of a currency relative to a foreign currency.
As opposed to the exchange rate of two currencies, PPP gives the amount in one currency
needed to buy the same basket of goods in another currency in the foreign market.

Example 3

When a countries has a high PPP, the law of one price dictates that the currency
will depreciate. Suppose economy A and economy B with GDP (US$) $8 and $12,
where a basket of goods cost 2$ and 4$ in each economy respectively. Then the PPP
of economy A to B is 8/2 : 12/4 = 4 : 3 = PPPA:B.
Suppose we allow free trade with zero transaction costs. Then people in economy B
will purchase the basket of goods in economy B. Demand for B’s basket of goods will
fall and A’s will rise to make PPP = 1. All things remaining equal, the exchange rate
of economy A must depreciate as the demand for the currency is changing.
Now that PA:B = 1, let us now examine how inflation can effect the exchange rate,
if PPP is to hold. Suppose economy A experiences inflation rate of 50%. Then in
one years time, that same basket of goods now costs 3. Now the basket of goods
for people in economy A will be cheaper in B. More people in economy A will buy
the foreign currency causing there own currency to depreciate. Thus, high rates of
inflation implies that the currency will depreciate.

For a country with high inflation, the UIP condition works pretty well. The nominal
rates are high and the currency generally depreciates.
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7.2.5 Current Account Position

Suppose an economy has a current account deficit. The home currency depreciates in value.
Now imports for this economy are more expensive and exports are cheaper for foreign
economies. This means less imports will be purchased and more exports sold. This nat-
urally corrects the current account deficit.

So if an economy wishes to decrease their CA deficit, it could do so by depreciating
their own currency. Evidence of this is strong during 1990-2000 in the uk, where the pound
depreciated by 20%, the CA went rapidly from a deficit to a surplus in 1995.

8 Arrow-Debreu Securities

Risk sharing is where a group of individuals attempt to minimise or completely mitigate risk
by pooling losses and returns and allocating them evenly at the end of a period. In a complete
market we can completely remove uncertainty of future cash flows. Furthermore, we would
have the technology to price any risky asset as a linear combination of Arrow-Debreu (AD)
securities.

An AD security is an asset which pays off 1 in only one state of nature. A state of nature
is one possible realisation of the state of an economy. Each state is mutually exclusive. If
there is an AD security for every state of nature, then we say that it is a complete market.

State1 State2
AssetA : 1 0
AssetB : 0 1

Suppose that there is an asset which pays off (5,2) in state 1 and 2 respectively. Then
we may write the price of this asset as

P = 5PA + 2PB (32)

This is a result of the law of one price and no arbitrage pricing
An example of an AD security is insurance against crashing your car. If you do not crash

your car it will not pay out. If you do it will pay out the value of repair to your car. In
a complete market, we can insure against any source of risk. However, in reality there are
problems associated with risk sharing. Most prominently is the moral hazard problem.
For example, if you could insure against not getting a job, your behaviour may change so
that you will not find one and receive the insurance as a result.

How much of one AD security to buy can be determined in much the same way as de-
termining consumption across many time periods under consumption smoothing. Instead,
we are smoothing over states of nature. We can do this by assuming Von Neuman Mor-
genstern utility. If I could do very well in state A, then if state A happens I dont want to
have bought many securities. By using the fundamental risk factor of consumption, we can
model how much of an AD security a person will by in order to smooth states of nature by

u(cA, cB) = P(A)log(cA) + P(B)log(cB) (33)
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With budget constraint
ωAPA + ωBPB = W (34)

Suppose that there are two states of nature and two assets A and B
Asset A pays xAi in state i and similarly for asset B. An investor purchases wA of asset

A and wB of asset B and has von Neumann utility function for different states of nature.
They choose wA and wB to maximise this utility.

U = πu(c1) + (1− π)u(c2) (35)

Subject to their budget constraint

W = pAwA + pBwB (36)

Set up the Lagrangian

L = πu(wAxA1 + wBxB1) + (1− π)u(wAxA2 + wBxB2)− λ[pAwA + pBwB −W ] (37)

The first order conditions are

∂L
∂wA

= πxA1u
′(c1) + (1− π)xA2u

′(c2)− λpA = 0 (38)

∂L
∂wB

= πxB2u
′(c1) + (1− π)xB2u

′(c2)− λpB = 0 (39)

Note that in the case of AD securities, if asset A pays 1 in state 1 and 0 in state 2 and asset
B pays of only 1 in state 2, then our first order conditions for asset i become

∂L
∂wi

= πiu
′(c1)− λpi = 0 (40)

⇒πiu
′(c1)

pi
= λ (41)

This yields the relation of the price of an AD security and the probability of that state. Or
is proportional to the expected marginal utility of that asset. If the representative investor
is risk averse (θ ↑), marginal utility will be low so the investor will demand a lower price for
that asset. In essence, the price of the AD security is a function of scarcity and the likelihood
of that state.

In the case of any security

∂L
∂wi

= πixi1u
′(c1) + (1− π)xi2u

′(c2) + λpi = 0 (42)

=
πxi1u

′(c1)

pi
+

(1− π)xi2u
′(c2)

pi
= λ (43)

xi/pi is just the gross rate of return 1 + ri

πi(1 + ri1)u′(c1) + (1− π)(1 + ri2)u′(c2) = λ (44)

⇒ E[(1 + ri)u
′(c)] = λ (45)

This result implies that the expected return to any asset is equal in equilibrium. This can
be generalised to multiple states of nature and multiple assets. Note that if the asset pays
off when consumption is low, it will have low excess returns in general. Central to this idea
is hedging and insurance.
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8.0.1 Stochastic Discount Factor

The price of any asset under the law of one price is P =
∑
piqi. Multiplying this expression

by πi
πi

P =
N∑
i=1

πipiqi
πi

(46)

Let mi = pi/πi

P =
N∑
i=1

πimiqi (47)

= Emiqi (48)

Arriving at the pricing equation we had before in section 2. We then may interpret m as
the stochastic discount factor.

8.0.2 Implications of Risk Sharing

As a result of agents in an economy pooling their risk, we would expect to see higher correla-
tions with consumption and growth. Robert Schiller suggests a world insurance consisting
of AD securities. He coined it the Schiller securities market.

In a complete market, we should expect to see peoples consumption co move. For ex-
ample, if you have 50 or zero tomorrow and vica versa, I could pay you today for half your
income tomorrow in the event I have no income and vica versa.

Risk Free Rate

We know that the price of a risk free asset paying off one may be given P = 1
1+rf

. In a

complete market, where each AD security pays off 1, by the law of one price, the risk free
asset has price p1 + p2. We can find a general expression for the risk free rate as

1 + rf =
1∑n
i=1 pi

(49)

Let π∗i = piRf . Summing over i, one finds

n∑
i=1

π∗i =
n∑
i=1

piRf (50)

= Rf

n∑
i=1

pi (51)

= Rf
1

Rf

(52)

= 1 (53)

This gives an indication as to the probability of each state.
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9 Bond Pricing

Suppose a long run bond offers a yearly rate of return r, then the price of that bond is

P =
1

(1 + r)n
(54)

Suppose that now the economy is in a recession, reducing the level of inflation (π ↓). Then
the required return on the bond will be less (r ↓). This implies that the price of the bond
will increase P ↑. In the CAPM model, the return on a bond has a negative βm. If the price
of a bond increases, the expected return will be lower. The longer the duration of the bond,
the higher the sensitivity to inflation and interest rate risk. Thus the price will go up more.
We will denote the YTM of an n-year zero coupon bond as ynt . The holding period return
on a bond encapsulates the coupon payments and the capital gains on a bond price.

9.1 Pure Expectation Hypothesis

Suppose we could invest in an n year bond at ynt or n 1 year bonds at rt. By arbitrage, the
return from both investment strategies must be equal. That is

(1 + ynt )n =(1 + it)(1 + Etrt+1) . . . (1 + Etrt+n) (55)

(1 + ynt )n =
n∏
i=0

(1 + Etrt+i) (56)

Approximating this with logs one finds

ynt =
1

n

n∑
i=0

Etrt+i (57)

This equation consists of a spot rate y, the return available right now for a specified
period of time and a short rate r, the return available between two time periods. It predicts
that the spot rate today is the geometric average of all future short rates.

This requires that the holding period return on any bond must be equal. If y2 > it, then
people will want to buy the two year bond as opposed to buying two one year bonds. As
a result, the price of the one year bond will decrease relative to the two year bond. This
means the capital gain on the one year bond will be greater than that of a two year bond,
ensuring the two strategies are equal.

From this fact, we can deduce forward rates as future expected short rates. If yn > rt,
then forward rates are expected to increase. As a result, the price of the n year bond will
fall in following periods.

The main implication of the PEH is that holding period returns on any bond must be
equal. If the rate available on a long run bond is greater than the current one year spot rate,
we expect forward rates to rise. High long rates imply high forward rates.

If the future short rate fails to rise, then the holding period return on the long rate
bond is indeed better in year 1. In practice, the PEH does not work well in the short run.
The adjustment is sluggish and often delayed. This implies that when long run rates are
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unusually high, they do offer an excess return. This is particularly strong during a recession.
The term spread is high ⇒ short rates are low and long rates are high. This is because a
recovery is already priced into the long run bond.

However, during a recession, exchange rate risk is particularly high.

9.2 Fama-Bliss Regression

x
(n)
t+1 = α + β(f

(n)
t − y

(1)
t ) (58)

Fama and Bliss (1987) regress yearly excess returns of n year bonds on the same duration
forward spread in order to test the PEH. If the PEH is to be true, when long rates are high
there should be no excess return. This means that α and β should not be different from
zero. If (f (n) − y(1)

t ) is relatively high, then the forward rate is high. If β is different from
zero then this would imply that when long rates are high, holding period returns are earning
in excess. The PEH implies that there should be no excess returns on any bond.

Fama-Bliss found that β was positive and significant. Thus rejecting the PEH.
Note that when the spread of long forward rates and spot rates is negative, holding period

returns on longrun bonds are negative. Thus, it is false that long run bonds are always better
to hold. However, in a recession it typically is. The lesson hear is during a recession there is
an incentive to hunt for yield.

9.3 Risk Premia and Excess Returns

As we should know by now, when we discuss risk premia we begin with

ERe = Cov(M,Re) (59)

WhereM is the stochastic discount factor. What happens to bond returns during a recession?
Since the 80’s recessions have generally been associated with lower inflation. With lower
inflation, bonds will experience a fall in their yields. This results in an increase in the bond
price and an associated capital gain to the investor.

This exhibits a hedging property and as such, we should expect to see a relatively low
risk premia. However, consider before the 80s, where we had the opposite case. Recessions
caused stagflation and as such the opposite happened. Bond prices fell during recessions.
This means that the risk premia would have been larger. This could explain the fall in bond
yields since the 80s.

Recall that the price of any asset is

Pt = Et[Mt+1xt+1] (60)

Where xt+1 is the pay off next period. Suppose that it is an n year zero coupon bond. Then

P
(n)
t = Et[Mt+1P

(n−1)
t+1 ] (61)

The price of the bond is the expected value of the price we could sell the bond at next
period discounted by the SDF. Similarly, if the bond pays off 1 at maturity, then P

(0)
t = 1,

P
(1)
t = Et[mt+1] etc... The question here is whether or not bonds experience a capital gain
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during bad times. If they do, they will experience a lower risk premia. Note that we may
iterate forward and write the price of a bond as P

(2)
t = E[Mt+1Mt+2]. Thus we may right

the price of an n year zero coupon bonds a

P
(n)
t = Et

[ n∏
i=1

Mt+i

]
(62)

Turning attention to expected returns, we begin with the simplified CCAPM framework
Re = θCov(gc, Re). As we noted earlier, the covariance on bonds and consumption growth
has changed over time. In the past bonds were procyclical, recently they have had negative
correlation with the market. This suggests that bonds have acted as a hedge. As such they
have low associated risk premia. This could explain the fall in bond yields over time, and
the flatter yield curves than in the past.

10 Hedge Funds

A hedge find may be defined as an actively managed, pooled investment vehicle open only
to a limited group of investors. Performance is measured in absolute return units. However,
this definition includes funds that are not truly hedge funds. We may extend the definition to
include a motive to minimise existing sources of risk. For example, buying forward contracts
on currency when investing in foreign equities.

Many hedge funds obtain a hedged position by going short on certain assets. This is
critical in the original definition of a hedge fund. This allows the portfolio of a hedge fund
to have negatively weighted proportional holdings on an asset. In reality a hedge fund must
have a positive overall weight in order to have cash for the margin. Hedge funds often
leverage up on their position in order to increase returns.

There are many legal aspects surrounding hedge funds. In essence, hedge funds organise
themselves in order to avoid these legal aspects and regulation. For example, generally hedge
funds are set up as private limited companies as opposed to a corporation. In this way taxes
are not paid on the returns on the portfolio. Instead taxes are paid only by investors.

Most hedge funds are located in the US. The number of hedge funds has seen a large
increase since the ’90s. Hedge funds seek out market anomalies such as betting against beta.
The nature of this means that each year 15-20% leave the market and as a result data on
hedge funds is lacking. In contrast, only 5-8% of mutual funds leave each year.

Funds of Funds

The large increase in hedge funds and the secretive and exclusive nature of hedge funds, lead
to a professionally managed portfolios of hedge funds being created. Commonly reffered to as
funds of funds. This meant that more people could invest in hedge funds and it lowered the
minimum investment levels. Some of these funds of funds are even listed on stock exchanges.

Performance and Fees

Hedge funds generate high returns with low volatility. This results in hedge funds having
very high sharpe ratios. Hedge funds charge fees based on assets under management (AUM)
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and a percentage of returns (performance based fees).

Hedge Fund Strategies

In essence, HFs seek market neutral positions in order to be immune to market risk. They
seek to have returns which are uncorrelated with the market movements. However, they
need to leverage strategies in order to take advantage of the relatively small mispricings.
They look for mispricings in two securities which are exposed fundamentally to the same
shocks/developments.

• Long - Short Position: Focus on security selection to achieve absolute returns while
minimising market exposure. This could be industry or regionally motivated positions.
Long technology and short natural resources in contrast to going long in europe and
shorting the uk. These two examples have the same market risk (closely related) so by
having a spread position we mitigate market risk. We conceive our long position to be
undervalued.

• Relative Value: This type of strategy seeks to find mispricing amongst similar se-
curities.Fixed income arbitrage may exploit short term anomalies in bond attributes.
Gains to this type of strategy may be very small, so they are often leverage to accen-
tuate returns.

• Event Driven: Event driven strategies explot percieved mispricing of securities by
anticipating events. An example of event driven arbitrage is the investment in both
stocks involved in a merger after announcement. Until the merger is complete, there
is usually a difference in the take over price and the quoted price. This is due to
uncertainty on whether or not it will go through.

• Tactical Trading: Strategies attempting to minimise risk through global macro anal-
ysis and conditions assessment. They may use financial derivatives short sales and
leverage to generate return. They are often under the most scrutiny for disrupting
the financial stability of an economy. This strategy can include purchasing puts to
minimise downside risk. This causes negatively skewed returns.

• Fixed Income Arbitrage: This is a convergence strategy where we buy an asset
which will almost certainly converge to the value of another. Suppose we have a 10
year zero coupon bond issued today (on the run) for 90. The bond issued 6 months ago
(off the run) is currently 80 (difference is because on the run is more liquid). The off
the run should cost more as it is closer to maturity. One possible strategy is to short
the on the run and buy it back in 6 months time to make 10. The issue here is that
if the price of all bonds rise due to a flight to quality (NY terror attack example). To
mitigate this risk, simultaneously buy long the off the run bond and sell in 6 months
time. This mitigates interest rate risk.

• Convertible Bond arbitrage: A bond which is converted to equity if the price of
equity reaches a certain value. Short the equity and buy the bond. If equity rises in
price, the gains from holding the bond will be greater (Encapsulates coupons etc...
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aswell as equity potential) than the short position loss on equities. If the price of the
equities fall you will gain more on the equity short than lose on the bond which still
has intrinsic (coupons etc...) value. Convertible bonds often are cheap as they are
from firms with poor credit ratings so pension funds cant buy them and are generally
illiquid.

11 Private Equity

Private Equity consists of large institutional investors who invest large amounts of capital
into private companies or take control and delist public companies. This is of the form
of direct investment into the firms where they have a large amount of influence on the
operations of that firm. The private equity firm is a general partner in the assets they
invest. Investors in the private equity firm are limited partners.

PE firms perform due diligence of asset purchase decisions, raise capital and then provide
mentoring and expertise after purchase. The underlying strategy of a PE firms is to buy
undervalued firms, improve them and then sell them to make a large profit.

Types of PE

• LBOs: Leveraged buyouts are where a firm use significant amounts of borrowed capital
to take control of a firm.

• Venture Capital: New firms financed by granting shares to PE firms. They may
provide initial funding and additional funding at the expansion stage. PE managers
occupy the board and often provide guidance.2

• Growth Firms: Provide capital to finance growth opportunities to existing businesses.

PE funds exhibit a lot of persistence of performance when compared to HFs and MFs.
Likewise, there exists funds of PE funds, giving diversification to investors through different
managers/projects/industries.

Capital for PE funds comes from general partners who would invest a portion of their
own money. Limited partners invest in the PE fund for the long term. Examples of limited
partners are institutional investors, sovereign wealth funds (the chinese gov), hedge funds
and university endowments. In the US, pension funds and univerisities are large players in
the PE funds in the US.

The rest of the capital comes from debt issuance. PE firms are repeat borrowers and as
such can get debt generally very cheap.

Post Project

After 5-10 years of assisting in the management of the firm, PE funds must exit their invest-
ment. There are a number of ways to do so

• Hire an IB to do an IPO. (best in a buoyant stock market)

2An angel investor is an individual who provides funding to new firms. Not VC firms.
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• Sell them to another PE fund (surprisingly common)

• Sell it to facebook or google

• In the event of unsuccesful projects, declare bankruptcy

Timing

PE tends to go through cycles. This is generally down to the cost of debt and equity prices.
When debt is cheap, PE funds can more easily raise capital to acquire firms. During the 80s,
many PE funds were spawned. This was down to the increasing prominence of the junk debt
market, making it easier for PE funds to finance risky investments. There was a substantial
decrease in capital gains tax which made the incentive larger for PE firms. When exiting
the tax burden was much smaller. Finally, deregulation allowed pension funds to invest in
riskier assets.

Sarbanes-Oxley regulation in 2000 imposed greater regulation on accounting procedures
for publicly listed companies. PE firms were not subject to this regulation which increased
their appeal.

PE funds are very illiquid as they invest for the long run. They are mainly focused on
returns from the growth and performance of their assets. Further more they invest in real
assets so removing the funding is somewhat infeasible However, despite this liquidity they
are very effective hedge against inflation.

Venture Capital Returns

VC fund returns follow a power distribution. This implies that the majority of the return of
a VC fund is down to only a handful of all the investments. Even top VCs write off half of
their deals to bankruptcy.

Leveraged Buyouts

The typical LBO is financed 70/30 debt/equity. This incorporates tax advantage and also
allows PE funds to free up their capital for other investments. The leverage can also enhance
returns. LBO financing is typically expressed in terms of debt to EBITDA. EBITDA gives
a measure of the amount of cashflow a firm can generate each year. It removes all costs not
related to the core business activities. LBOs are only used for established firms with good
cash flow. Not new or highly innovative firms as debt issuance require stable cashflow to
avoid bankruptcy.

Fee structure

PE firms generally charge 2% of AUM and 20% of returns above a certain threshold. This
aligns the incentive of PE fund managers similar to hedge funds.
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11.1 Private Equity and Corporate Governance

The issue with public companies is that investors are widely dispersed so there is little
oversight of the CEO and board. Thus they might prioritise their own interests and not
shareholder value. In contrast to PE funds, PE provides more oversight as they have incentive
to turn the firm around. This reduces agency costs and improves corporate governance. This
is a big virtue of PE.

PE funded projects generally increase the debt burden of the funded firms. This has
advantages to corporate governance as it reduces the free cash flow, reducing the availability
of cash for non productive investments such as vanity projects and affluent purchases. In
essence, it is a discipline device as there is an increased risk of bankruptcy. It also provides
a tax shield reducing the WACC.

General partners (PE firms) stake their own capital into the projects. This aligns the
incentives of limited and general partners. Furthermore, there are reputational reasons for
the PE firm to succeed.

One issue with PE firms is that they have an incentive to sell quickly to have actual
realised returns. Thus issues of short termism arise. This is often a criticism of PE as they
may not care about the long term evolution of the firm.

However, Zahra (1995) found that debt issuance/LBOs can show a commitment to the
long run such as establishing research alliances. While they don’t necessarily increase the
amount of R&D, they can increase its effectiveness (increased expertise from PE guidance).

Furthermore, PE firms are not under scrutiny to provide earnings report as in a publicly
listed firm. For this reason, they may be more long term focused.

Given management can earn around 20% of realised profits, they have a large incentive
to do well. The payment profile of a PE fund is similar to a call option.

11.2 Measuring the Performance of PE funds

Because firms only liquidate assets every 10 years or so, the data is sketchy which makes
assessing the performance in conventional ways which we did for MFs difficult. Furthermore,
due to the timing of exit to maximise returns, there is a upward bias in their returns.
Similarly to hedge funds, there is a survivorship bias/

Internal Rate of Return

The IRR is the rate r at which the NPV of all cashflows associated with the PE fund sum
to the initial investment.

T∑
t=1

CFt
(1 + rt)t

= C0 (63)

The higher the IRR the more attractive the investment. Note that the IRR includes all
risk premia associated with PE funds such as the liquidity and bankruptcy risk (not risk
adjusted). The IRR can be problematic as you additional investment will not necessarily
earn the IRR. It is equivalent to the YTM of a bond.
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Public Market Equivalent

The PME discounts the cashflows by the market’s rate of return. The PME gives the value
of an equivalent investment in a given index. The PME is compared to that of the IRR.
If the IRR is greater than the PME, then the PE fund out performed the market. The
difference in the IRR and PME is called the IRR spread.

The returns to PE firms have been falling over time. The industry has become a lot more
competitive. In the nineties, risk adjusted returns were very large. As more firms entered,
the cost of target firms to acquire naturally increased.

Because of the lack of liquididity of PE funds, they sell for much less than their NAV.

11.2.1 Literature on PE Performance

• Kaplan and Schoar (2005): Examine 746 mature PE funds. They find a marginall
higher return to PE funds than the market. However, PE should pay more than
the market due to the associated illiquidity. The authors also find persistence in
performance

• Ljungqvist and Richardson (2003): Find from 1981-2000, PE firms return 14%
per annum. Much of this is due to the liquidity premium and the amount of leverage.
If you leverage the market you can also beat the market.

• Phalippou and Gottschlag (2007): Find strong persistence in performance. Top
PE firms tend to continue to do well. This is due to the fact it gets progressively
cheaper to buy debt as their reputation improves. The amount they raise is related
to past performance. Furthermore, fund managers can be genuinely skilled in their
industry. Also, succesful PE firms often limit the size of their funds. They pick and
choose who to take money off. By maintaining a low scale they can keep returns high.

• Lerner, Shoar and Wong (2007): report that university endowments do particu-
larly well when investing in private equity. A reason for this is that they have been
investing in PE for decades and have learned from experience. Some limited partners
do very poorly such as banks as they end up having alternative motives such as trying
to sell them services.
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