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1 Solving Differential Equations

The general form of linear differential equation of which we will be concerned with are of
the form

g(x) = a0(t)
dnx

dtn
+ a1(t)

dn−1x

dtn−1
+ . . .+ an(t)x (1)

In this equation, there is only one other variable other than time. It is therefore reffered to
as an ordinary differential equation. In particular, this is an nth order linear differential
equation. The order is the highest appearing order of differential which appears in the
equation. When ai(t) is a constant value coefficient, it is said to be a constant coefficient
n-th order coefficient. When g(t) = 0 it is a homogeneous differential equation and non-
homogeneous otherwise. The problem lies in finding all possible equations which satisfy
the differential equation. That is, when subbing in the relevant derivatives of the potential
solution, it will be equal to g(t)

A more general form of a first order differential is

dy

dt
= f(t, x) (2)

When ∂f
∂t

= 0, it is said to be autonomous, otherwise it is non-autonomous.
A solution to an nth order differential equation is some n-times differentiable function

φ(t) satisfying the differential equation exactly in some interval a < t < b.

1.1 Separation of Variables

In the case of an autonomous differential equation, it is possible to solve directly using
separation of variables.
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Technique 1: Separation of Variables

The solution to a 1st order differential equation of the following form may be obtained
by

f(t)
dx

dt
= g(t) (3)

1. Collect all x terms on the right hand side and constants on the right

2. Integrate both sides with respects to dt∫
f(t)

dx

dt
dt =

∫
g(t)dt+ c (4)

F (x(t)) =

∫
g(t)dt+ c (5)

3. Solve for x(t)

Example 1.1. Suppose A is the stock of assets and r is the interest rate.

dA

dt
= rA (6)

This explains the increase in wealth at a given interest rate. What we are after is a function
to find A(t) at any point in time. This equation could have a constant deposit for example
rA+ d. To solve this we Bring all the same variables to one side.

dA

dt
= r(t)A (7)

1

A

dA

dt
= r(t) (8)

1

A
dA = r(t)dt (9)∫

1

A
dA =

∫
r(t)dt (10)

logA(t)− logA(0) =

∫ t

0

r(t)dt = R(t) (11)

A(t) = A(0)eR(t) (12)

We have the solution in equation (??). Suppose we have for α > 0

dX

dt
= α(k −X) (13)

As X moves towards k, the small the change in X. This gives an interpretation akin to
convergence towards a steady state, namely k.

We can convert (??) into the same form of (??) by setting u = k −X then finding the
derivative.
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du

dt
= −dx

dt
(14)

−du
dt

= αu (15)

⇒ u(t) = u(0)e−αt (16)

We know the solution to 1 is exponential growth. Suppose we change the form to

dx

dt
= rx(1− x/k) (17)

When x is approximately equal to zero, brackets term approximately one, exhibits exp
growth. Consider as X gets large. Gives us the logisitic function.

1.2 Integrating Factors

This technique applies to solutions of first-order linear differential equations and maybe
summarised as follows

Technique 2: Method of Integrating Factors

dy

dt
+ p(t)y = g(t) (18)

1. Arrange the differential equation as in ??. y terms including differentials on the
left hand side.

2. Calculate the Integrating Factor

µ(x) = exp

{∫
p(t)dt

}
(19)

3. Multiply throughout by the integrating factor

µ(t)
(dy
dt

+ p(t)y
)

= µ(t)g(t) (20)

⇒
∫

d

dt
[µ(t)y] =

∫
µ(t)g(t)dt+ c (21)

µ(t)y =

∫
µ(t)g(t)dt+ c (22)

(23)

4. Divide across by µ(t)

y =

∫
µ(t)g(t)dt+ c

µ(t)
(24)
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Example 1.2.
dy

dt
− y = 2 (25)

The integrating factors revolves around the coefficient of y. Bring all the y to the LHS. Then
find e

∫
−1dt = e−t. Next we multiply the equation by the integrating factor which yields

e−t
dy

dt
− e−ty = e−t2 (26)

d(ye−t)

dt
= 2e−t (27)∫

d(ye−t)

dt
dt =

∫
2e−t (28)

ye−t = −2e−t + C (29)

y(t) = Cet − 2 (30)

We have the integral of a derivative which cancels out both operations. We call y(t) unstable
as depending on what C, it will go to either − inf or inf. We call such functions as the logistic
function stable as it converges to some finite value.

We first have to write our eqaution in standard form, completed on the second step of
the following example.

Example 1.3.

dA

dt
= rA+ d (31)

dA

dt
− rA = d (32)

e−rt
dA

dt
− e−rtrA = e−rtd (33)

d(Ae−rt)

dt
= de−rt (34)

Note that the last step is just a trick and the functional form will always be the same. It
will be your variable of interest times your integrating factor. In fact, it is just the product
rule of the last line. We are going backwards from differentiating equation ??

1.3 Linearisation

Example 1.4. Consider the output of an economy Y for given inputs of capital k

Y = f(k) = kα (35)

k̇ = sy − (n+ δ)k (36)

k̇ = skα − (n+ δ)k (37)

You can consider k̇ as the capital depreciation/evolution of capital. The steady state capital,
we find by setting k̇ = 0.
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We now want to solve for k. However we cannot use the previous technique as it is
not linear (exponentiated to the power α). We will then linearise it by taking a taylor
expansion. For most of the time, an economy is around its steady state. Therefore we will
take our approximation around the steady state. Recall the following for an approximation

f(k) = f(k̄) + f ′(k̄)(k − k̄) (38)

By ketting k̇ = 0 and solving for k, we can find the steady state. Then finding f ′ and subbing
in k at steady state denoted k̄. we can approximate f to be

k̇(k) ≈ k̇(k̄) + (αsk̄α−1 − (n+ δ))(k − k̄) = β(k − k̄) (39)

k̇(k) ≈ 0 + βk − βk̄ (40)

In this example, the first term in k̇ is output minus the depreciation on capital. The
latter is linear so must eventually equal the former skα = (n + δ)k. This is known as the
steady state. We say this steady state is stable. If depreciation exceeds savings, you will be
above the steady state and you will return back. Likewise if you are uderneat the steady
state.

To determine this, find dk̇
dk

and evaluate at the steady state k̄ (if I increase k what
will happen.) To be stable, this must be negative. If I increase k, I need to reduce the
accumulation of capital to return to the steady state. In the development literature, when
an economy has little to know capital, the big push models attempt to kick start growth in
an economy as at the equilibirum at the origin an increase in capital will mean that they
will never return to this point and converge to steady state.

Suppose we have k̇(s − n − δ)k yields a solution y(t) = k(t) = k(0)e(s−n0δ)t. Consider
this to our previous model of an economy. Where would one like to live? Depending on the
values of s, n, δ, the economy will grow perpetually or decline.

When we plot k̇, k, we get the phase diagram. This explains how we move to steady
state. When k̇=0, we have a steady state. When k̇ is positive, we will always converge to
a steady state. A steady state is globally stable if at each point, we will converge to that
steady state.

We could have also solved ?? using a
change of variables.

k̇ + (n+ δ)k = skα (41)

k̇

kα
+ (n+ δ)k1−α = s (42)

v = k1−α (43)

v̇ = (1− α)k−αk̇ (44)

k̇ =
kα

1− α
v̇ (45)

(46)
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1.4 Second Order Differential Equations

We will deal with simple homogenous second-order differentual equations. The equations we
will be looking at are autonomos equations where by they do not have a t in the equation.
For a nth order differential equation, we will yield n distinct solutions. We will be considering
homogenous equations. In this case, any multiple of our solution will be a solution.q

An nth order differential equation has n distinct independent solutions. We refer to these
as fundamental solutions. Not that any linear combination of these solutions span the
solution space. The solution space is a 2 dimensional space and our fundamental solution
are the basis vectors.

d(y1 + y2)
(47)

1.4.1 Guess and Verify

a
d2y

dt2
+ b

dy

dt
+ cy = 0 (48)

Consider if we were to use guess and verify in order to solve this. Would t2 work? No there
is no way we could equate a t2 + t to zero with constant coefficients for all t. However, et

would work.
We say, e3t, 3e3t are linearly dependent. Recall the definition, if there exists a, b 6= 0 such

that the linear combination is equal to zero, they are linearly dependent. Ultimately, the
derivated of the solution must have linearly dependent solutions.

We guess y = Aemt 6= 0. Evaluate the first and second derivates and sub into check. This
yields the condition for a true guess after subbing in Amemt, Am2emt.

am2 + bm+ c = 0 (49)

Note how this can have two solutions as it is a quadratic.
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Technique 3: Method of Undetermined Coefficients

Given a n-th order differential equation, for example a second order

aẍ+ bẋ+ cx = 0 (50)

1. Find the characteristic equation

am2 + bm+ c = 0 (51)

2. Solve for the roots of the characteristic equation. Call them m1 and m2

3. Guess and Verify
y = Aem1t +Bem2t (52)

Repeated Roots

In the case of a double root, we instead guess and verify

y = Aemt +Btemt (53)

Adding a t infront of where the second route occurs. In general for a m repeating root,
do this uo until tm−1.

Complex Roots

In the case where the roots to the characteristic equation are complex of the form
α± iβ, we guess and verify

y(t) = Aeαt cos(βt) +Beαt sin(βt) (54)

1.4.2 Non-Homogenous Second Order DEs

Suppose we have

dy

dt
− y = 2 (55)

This is a non-homogenous 1st order differential equation. We will use this to illustrate a new
technique useful for second order differential equations. It is a much more systematic way.
The first step is to look at the asscociated homogenous equation. In this case it is dy

dt
−y = 0.

We know the solution to this equation is y = Aet = yh.
We then find a particular solution, which is a trivial solution for y that satisfies the

equation. In this case, y = −2 = yp is a particular solution as dy/dt = 0. To find the final
solution, we add y = yp + yh
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d(yp + yh)

dt
+ b(yh + yp) = d (56)

dyh
dt

+ byh︸ ︷︷ ︸
Homogenous Equation=0

+
dyp
dt

+ byp︸ ︷︷ ︸
Particular Solution=d

= d (57)

In the case where the limit as t → inf, if y → 0, then our solution is stable. In the
case where there is only one value of coefficients on our fundamental solutions, in which the
solution is stable, it is called the ??Manifold??.

1.4.3 More Cases on the Characteristic Function

In the case where the roots in equation ?? are multiples, we multiply one of our fundamental
solutions by t and then

y(t) = Ae−mt +Bte−mt (58)

Is a solution. Recall, for analysing this l’hopital’s rule for determining if this is stable or
unstable.

In the case where we get complex roots from equation ?? we use eulers equation

eiθ = cosθ + isinθ (59)

In this way we can capture cyclicality of a variable.

Example 1.5.
−u′′(c)
u′(c)

= θ (60)

The above equation captures the level of risk aversion. It is known as Arrow-Pratte
coefficient of absolute risk aversion. The numerator is the degree of curvature. We are
trying to find a utiltiy function such that the constant of absolute risk aversion is constant.
In contrast to this, we have constant relative risk aversion. The standard utility function
we use elsewhere is relative. However, what er are looking for is quite unrealistic. (CARA,
CRRA).

−u′′(c)− θu′(c) = 0

u′′(c) + θu′(c) = 0

m2 + θm = 0

m(m+ θ) = 0

This yields two fundamental solutions where m = 0,m = −θ

y1 =Ae0c

y2 =Be−θc

u(c) =A+Be−θc

Adding economic interpretation to this, B < 0 in order to get a constantly increasing utility
function. In this way, utility becomes less negative. This utility function is denoted CARA.
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1.4.4 Particular Solutions

We use the method of undetermined coefficients which is essentially guessing. We look at the
right hand side and our guess should be of the same form. If the right hand side is constant,
we guess a constant etc...

Example 1.6.
y′′ + 5y′ + 6y = 6e4t (61)

We guess yp = Ce4t

Example 1.7.
y′′ + y′ − 2y = 5 (62)

Steady state is by definition where ẏ = 0 This implies that the steady state is y = −5/2. So
the answer is the steady state plus the homogenous solution.

So when the rtight hand side is a constand our solution becomes

y = Aem1t +Bem2t + ȳ (63)

Example 1.8.
y′′ + y′ − 2y = t2 (64)

In guessing the particular solution for this eqaution, we guess as general as possible so select
y = At2 +Bt+ C. This is the same form as the right hand side. This then yields

y′′ = 2A (65)

y′ = 2At+B (66)

⇒ t2(−1− 2A) + t(2A− 2B) + 2A+B − 2C = 0 (67)

Then the particular solution becomes

− 1/2t2+ (68)

Example 1.9. In the following the case, when we have an issue with double roots or higher
multiplicities, we multiply by t and tn respectivley try multiplying it by t. In this case, the
best guess is Ctemt.

y′′ + y′ − 2y = 4et (69)

m2 +m (70)

In the case where there is roots of different parity in the solution, we call it saddle point
equilibirum.
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1.5 Systems of Differential Equations

An example of a system of differential equation is the Ramsey Growth Model.

ċ

c
=
f ′(k)− δ − ρ

σ
(71)

k̇ = f(k)− c− δk (72)

f ′(k) − δ is equivelant to the interest rate, the marginal productivtiy of capital. δ is the
depreciation of capital and ρ is the rate of impatience. So you will push consumption to the
future if the interest rate exceeds your rate of impatience.

Capital is relattively low, f ′(k) is high, so consumption growth is high, so there is lots
of saving today. This means that the marginal product of capital is high, people will choose
to save and as a result consumption growth will be high. In the steady state, ċ = 0 ⇒
f ′(k)− δ − ρ = 0 High σ controls how quickly diminishing marhinal utiltiy sets in. We can
see this mechanically. In a world with high sigma I want smooth consumption.

1.5.1 Elimination Method

ẋ = 2x+ yẏ = −4x− 3y (73)

By elmininating y by differentiating across and subtituting in expressions for y in terms of
x we can get a single differential equation which we may then solve as

ẍ− 2ẋ = −4x− 3y = −4x− 3(ẋ− 2x) (74)

1.5.2 Method of Eigenvalues and Eigenvectors

We will first note, that we find the eiganvalues and eigenvectors by finding

Det[A− λI] = 0 (75)

Note that ∑
λi = TRACE (76)∏
λi = DET (77)

To diagonalize a matrix A, we find P−1AP = D, is the diagonalised matrix of A, where
P is the matrix where the columns are the eigenvectors of A.

Isocline is the line at which ẋ = 0. Either side of this line, x will be increasing or
decreasing. We can indicate this with arrows pointing in increasing or decreasing directions.

If ẋ = Ax where A is a non diagonal matrix representing a system of equations, then
the solution comprises of a linear combinations ofo the eigen vectors of A, weighted by the
corresponding eλ

A corollary of this is that the eigen values of the system play a crucial role in the
behaviour of the system. If λi < 0 then the system will converge. If λi > 0 then the system
is explosive.
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Or solution becomes (
x
y

)
= Aeλ1t

(
v1

v2

)
+Beλ2t

(
u1

u2

)
(78)

Technique 5: Method of Eigenvalues

Suppose we have the system of differential equations

ẋ = Ax+ c (79)

Where

ẋ =

(
ẋ1

ẋ2

)
=

(
a1 b1

a2 b2

)(
x1

x2

)
+

(
c1

c2

)
(80)

Then the solution to this system is(
x1

x2

)
= Aeλ1t

(
v1

v2

)
+Beλ2t

(
u1

u2

)
+

(
x̄1

x̄2

)
(81)

Where λ1 and λ2 are the eigenvalues ofA and the vectors v and u are the corresponding
eigenvectors. This is without loss of generality for a system of n equations. Note that
the final component is the steady state where we solve Ax+ c = 0 ⇒ x̄ = −A−1c.
Alternatively, we can solve for x̄ by setting ẋ1 = 0 and ẋ2 = 0 and solving for the
corresponding values of x1 and x2.

Proof. Suppose we have the system of equations

ẋ = Ax (82)

Denote the eigenvalues of A as λi. If the matrix A is diagonal, then the solution to x is
trivial. We are now concerned when the A is not diagonal. We begin by diagonalising A by
the matrix of eigenvalue P .

P−1AP = D (83)

Here, D is the diagonalised matrix A where the eigenvalues are along the diagonal. Multi-
plying by P one finds

AP = PD (84)

A = PDP−1 (85)

Substituting this result into ẋx

x = PDP−1x (86)

P−1ẋ = DP−1x (87)

Perform a change of variables letting y = P−1x. Differentiating y.

ẏ = P−1x (88)
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Substituting this into P−1x = DP−1x and noting the change of variables

ẏ = DP−1ẋ (89)

ẏ = DP−1Py (90)

ẏ = Dy (91)

y is readily found as D is diagonal.

Technique 6: Linearisation

Suppose we have the set of differential equations

ẏ(x, y) (92)

ẋ(x, y) (93)

Where ẋ and ẏ are both non linear equations. We may examine what happens about
the steady state ẋ = 0 and ẏ = 0. This will be a simultaneous set of equations, find
x̄ and ȳ from this. We then estimate the system with a linear approximation about
(x̄, ȳ)

ẋ(x, y) =
∂ẋ(x̄, ȳ)

∂x
(x− x̄) +

∂ẋ(x̄, ȳ)

∂y
(y − ȳ) + A (94)

ẏ(x, y) =
∂ẏ(x̄, ȳ)

∂x
(x− x̄) +

∂ẏ(x̄, ȳ)

∂y
(y − ȳ) +B (95)

And then proceeding with the method of eigenvalues to determine stability of system.
on the following matrix for A

A =

[
∂ẋ(x̄,ȳ)
∂x

∂ẋ(x̄,ȳ)
∂y

∂ẏ(x̄,ȳ)
∂x

∂ẏ(x̄,ȳ)
∂y

]
(96)

Only good for inferences near the steady state. Not the asymptotic behaviour.

Where our function f is really equivelant to x̄. Note that ẋ(x̄, ȳ) = 0, by definition of
the steady state. Which helps simplifying this a lot. The partial derivatives will evaluated
at the stead state. This will be the case for both approximations for ẋ and ẏ. This will
simplify to

This can then be written in matrix form where each element in the matrix will be partial
derivatives. It will also be a Jacobian matrix. Then proceed with solving.
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1.6 Ramsay Model Dynamics

In this section, we analyse the dynamics of the Ramsay Model. This model is a model of
long run growth, savings and consumption. The dynamics of which are described below.

ċ

c
=
f ′(k)− ρ− δ

θ
(97)

k̇ = f(k)− c− (δ + n)k (98)

We have the same interpretation of the interest rate as f ′(k). This also is a result of standard
Euler equation. ρ is the rate of time preference. if ċ/c is positive then the level of consumption
will grow. Note that ċ/c is a nicer interpretation of consumption growth. We have to multiply
across by c to get it into the familiar form.

The second equation is implicitly the total resource constraint for the economy. The
change in capital is what is produced minus consumption and depreciation.

The locus of points for which k̇ = 0 is
given by

f(k)− c− (δ + n)k = 0 (99)

⇒ c = f(k)− (δ + n)k (100)

The locus of points for which ċ = 0 is given
by

(
f ′(k)− ρ− δ

θ
)c = 0 (101)

⇒ c = 0 (102)

⇒ f ′(k̄) = ρ+ δ (103)

This gives us two possible steady states, for consumption, clearly one of them is unlikely.
Knowing the functional for of f , we could find k̄f ′−1(δ+ ρ). This implies only at the steady
state level of k is ċ = 0. Thus, the shape of the locus of points is a straight line.

Where the loci for ċ and k̇ intersect we find (c̄, k̄). Note here that there are two points

(c̄, k̄) = (f(k̄)− δk̄, f ′−1(δ + ρ)) (104)

We may linearise the system by finding the partial derivatives of the each differential
equation and evaluate them at the steady state.(

ċ

k̇

)
=

(
f ′(k̄)−ρ−δ

θ
c̄f ′′(k̄)
θ

−1 f ′(k)− δ − n

)(
c
k

)
+

(
c̄
k̄

)
(105)

This equation is as a result of a linearised ramsey growth model.
Note that f ′(k̄)− δ − ρ = 0, therefore the determinant is

det(A) = 0− (−1)c̄f ′′(k̄)/θ < 0 (106)

As we assume diminishing marginal productivity of capital f ′′ < 0, is negative, we will have
a negative determinant. This suggests that the solution is a saddle path.
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• Consider being out to the left of the locus ċ = 0, This is increasing only if k < k̄ as
f ′(k) is decreasing as k increases. Thus if we are above the steady state level of capital,
consumption is decreasing. This is described by the vertical arrows.

• Now consider being below the locus of points for k̇ = 0. From the linearised system
we can see

∂k̇

∂c
= −1 (107)

Therefore, if we are below k̇ = 0, capital is increasing. If we are above it, capital is
decreasing. This is indicated by the horizontal arrows.

This then describes the saddle path solution for the Ramsay Model. We may consider
what happens after shocks to the parameters ρ. Suppose ρ falls, then the locus of points
for the consumption locus remains unchanged (recall, that it is essentially the total resource
constraint), however it is easy to see that the ċ = 0 locus will shift out to the left. This
reduces the steady state level of capital and consumption.

1.6.1 Taxation

Suppose that the government taxes labour and consumption at a flat rate τ . The system
then becomes

ċ

c
=

(1− τ)f ′(k)− ρ− δ
θ

(108)

k̇ = f(k)− c− (δ + n)k (109)

This is clear as the taxation does not effect the total resource constraint of the economy
as the taxation is assumed to be redistributed. It only reduces the return to households to
renting out capital. Therefore, in the steady state, (c̄, k̄) are decreasing functions of τ . An
increase in taxation to capital will decrease the amount of consumption and capital stock.

Speed of convergence. High θ means you will save less. More concavity in production
function - reach steady state quicker. In the extreme case, when production function is
linear, we will never converge. Think about why, there will never be a point in which the
marginal productivity of capital will fall.

Where f ′(k) = ρ+δ
1−t . Suppose that there is a tax cut from .3 to .2. Now the marginal rate

of productivity goes down. Considering this, the steady state k∗ will increase. Saddle paths
move out to the right. This results that the marginal productivity of capital after tax will
shoot up.

1.7 Dornbush Model Dynamics

The Dornbush model can be expressed as follows. Where md is money demand, p is the real
price level and r is the interest rate, y is income. Recall M

P
, taking logs we can get m− p.

md = −ar + bȳ (110)

m− p = −ar + bȳ (111)

r = r∗ + E(ė) (112)
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r∗ is the foreign exchange rate and the E(ė) is the expected growth of the exchange rate.
An ė > 0 is that the domestic currency is depreciating. If e is increasing, the price of foreign
currency is going up. So e is written as the price of a foreign currency. We assume perfect
foresight E(ė) = ė.

Subbing in equation (??) into (??). One finds

ė =
p

a
+
bȳ −m
a

− r∗ (113)

Also given is the philips curve type equation

ṗ = α(yd − ys) (114)

Where yd = u+v(e−p). Demand (domestic) is decreasing in price is the main takeaway from
this, thus implying v is positive. A week exchange rate will mean that domestic demand is
high (when e is high). Note that

ṗ
ė

=

(
−αv α
1/a 0

)(
p
e

)
(115)

1.8 Saddle Path Equations

Suppose that we have the following solution to a system of differential equations(
x
y

)
= Ae−2t

(
1
2

)
+Be6t

(
1
−2

)
+

(
−̄3
5̄

)
(116)

The saddle path is such that B = 0. How do we find an equation for the saddle path in a
more natural interpretation? Setting B = 0 explicitly we find

x(t) + 3 = Ae−2ty(t) + 5 = 2Ae−2t (117)

Then finding the quotient of the last two equations, we can cancel Ae−2t.

y(t) + 5

x(t) + 3
=

2����Ae−2t

����Ae−2t (118)

y(t) + 5 = 2(x(t) + 3) (119)

⇒ y(t) = 2x(t) + 1 (120)

Thus we have a more natural way to interpret the saddle path of the solution.

1.9 Phase Diagrams

Example 1.10.

ẋ = x− 1⇒ x = 1 (121)

ẏ = 2y − 4⇒ y = 2 (122)
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Table 1: Types of Points and Stability of linear systems

Matrix Type of Point Stability
tr(A) < 0, det(A) > 0 Improper Node Asymptotically Stable

λ1 < λ2 < 0 Sink
tr(A) > 0, det(A) > 0 Improper Node Unstable

λ1 > λ2 > 0
det(A) > 0 Saddle Point Unstable Saddle
λ1 < 0 < λ2 Saddle Path

We can put this into matrix form and find λ1 = 1, λ2 = 2 to get the steady state, we would
bring the constant over and find the A−1. The resulting solution is(

x
y

)
= Aet

(
1
0

)
+Be2tAet

(
0
2

)
+ = Aet

(
−2
−4

)
(123)

We first plot the corresponding steady state for x and y. Where they interset is the steady
state. We can describe how x and y behave by putting arrows of their direction. This case
of arrows moving away from the steadt state is known as the source. Picture it as a peak
and balls will roll away from the peek.

Example 1.11.

ẋ = y − 2 (124)

ẏ = x− 2 (125)

The steady state here is (2, 2). If y > 2 then x is increasing. This implies arrows pointing
out to the right (posititve direction). If y < 2 then x is decreasing. Then the arrows will be
pointing to the left (negative direction). When x > 2, y is increasing.

An isocline is the locus of points where the quantity is not changing. This therefore
means that the iscocline can be a curve (see handout).

To find the equation of the saddle path. We must set which coefficients of eλt, where
λ > 0 equal to zero. Then solve to find an equation in x.

2 Dynamic Optimisation

We will examine how we arrive at the equations we have used in our previous examples.
This is ultimately finding the maximum amount of capital possible through time. This is
equivelant to maximising total consumption over time.∫ T

0

e−ρtπ(It, Kt)dt (126)

K̇ − I − δK (127)
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Where π is profits. If ρ is high, the firm is more myopic. A corporate governance issue is
to find a ceo with a long sighted ρ. Stock options could distort the ρ. In all these problems
we consider K0 as given. If high I means high profits ion the future, it will mean low profits
today. The solution to this dynamic optimistion problem will be a function of the form I(t).

In the case of a consumer ∫ T

0

e−ρtu(ct)dt (128)

A high ρ reduces the amount of capital in the long run.
In the case of a lagrangian multiplier to maximise a system of equations, λ is the marginal

utility of recieveing one extra unit of income/relaxing the budget constraint. IF λ = 0, then
the consumer is satiated.

Example 2.1. Maximise

J =

∫ T

0

e−ρtF (x, y)dt (129)

ẋ = f(x, y) (130)

x(T ) = A (131)

x0 given. The solution is a function c(t). x is the state variable similiar to capital stock.
y is the control variable similiar to investment, it is chosen by the agent. We will always
have a differential equation in the state variable. We can think of that in every period we
have the constraint ẋ in every period. So there is T + 1 constraints. One way to maximise
is to set up as a largranian

L =

∫ T

0

e−ρt(F (x, y) + λt(ẋ− f(x, y))dt (132)

Alternatively we could have set this up in the Hamiltonian method

H = e−ρtF (x, y) + λtf(x, y) (133)

In this setup, we call λ the shadow cost of capital. It gives us the marginal gain of adding
one more unit of income/relaxing the budget constraint. So we are maximising the total
value of economic activity in the business. The first part is the day to day activity and the
next term is the value of investment.

The first order conditions are

∂H

∂y
= 0 (134)

∂H

∂x
= −λ̇ (135)

λ(T ) = 0 (136)

λ is the co-state variable
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Example 2.2.

Y = K − aK2 (137)

K̇ = I − δK (138)

Where the cost of capital is I2 and the price of output is one. So we are maximising∫ T

0

K − aK2 − I2dt (139)

And the Hamiltonian becomes

H = K − aK2 − I2 + λ(I − δK) (140)

In this example K is the state variable. The I is the control variable.

∂H

∂I
=⇒ −2I + λ = 0⇒ λ = 2I = 2K̇ + 2δK (141)

∂H

∂K
= 0⇒ (142)

The method of Hamiltonians is usually reffered to the maximum principle. We must
ensure that the function we maximise are concaves. This is done by computing the hessian
matrix and ensuring the determinant is negative. However, it is acceptable to assume in this
setting that this will hold true.
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Technique: Maximum Principle Finite Horizon

Suppose we are given some value function consisting of a control variable y and a state
variable x along with a differential equation describing the path of the state variable.

U =

∫ T

0

V (x, y)dt (143)

ẋ = f(x, y) (144)

x(0) = x0 (145)

x(T ) = xT (146)

The objective is to find a path of the control variable such that it maximises the value
function subject to the constraints

1. Set up the Hamiltonian function

H(x, y) = V (x, y) + λtf(x, y) (147)

2. Find the first order conditions to maximise U

•
∂H

∂y
= 0, 0 ≤ t ≤ T (148)

•
− ∂H

∂x
= λ̇, 0 ≤ t ≤ T (149)

•
λT = 0, (or x(T ) = xT ) (150)

•
∂H

∂λ
= f(x, y) (151)

3. Solve for the trajectories {u(t), λ(t), x(t)} Satisfying the above.

Remeber - Taking Logs and Differentiating is Key! If your stuck TLAD is your only
man

λ = f(x)⇒ log(λ)︸ ︷︷ ︸
TL

⇒ λ̇

λ︸︷︷︸
AD

=
ḟ(x, y)

f(x, y)
(152)

Example 2.3.

min

∫ T

0

(x2 + cu2)dt (153)

ẋ = u (154)
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Where x is the state variable and u the control variable. Here we are asked to minimise this
function. This is analagous to maximising the negative of the function. We have the initial
condition of x(0) = x0. So λT = 0 This is equivelant to saying that x is useless at the end
of time. Our hamiltonian then becomes

H = −x2 − cu2 + λu (155)

∂H

∂u
= 0⇒ 2cu = λ (156)

∂H

∂x
= −λ̇⇒ 2x = λ̇ (157)

Taking time derivatives of our last condition we find 2ẋ = λ̈. We then let u = λ
2c

. Which
yields

⇒ λ = cλ̈ (158)

Note this is a second order differential equation. We must find a characteristic function to
solve. We get

λ = Ae
1√
ct +Be

− 1√
c
t

(159)

So we know x in terms of λ and u in terms of λ so we can solve.

The typical problem we are faced with is

max

∫ T

0

e−ρtu(ct)dt (160)

Ȧ = rA+ λ− c (161)

The first order conditions becomes

∂H

∂c
=0 (162)

∂H

∂A
=− λ̇ (163)

We have not yet considered the case where ∞ = T . This yields another condition

lim
t→∞

λAe−ρt = 0 (164)
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Technique: Current Valued Hamiltonian

When we have a discount factor in our value function, the Hamiltonian changes slightly.
Consider the following

max

∫ ∞
0

e−ρtu(ct) (165)

k̇ = f(c, k) (166)

The current valued Hamiltonian is then

H = u(ct) + µf(c, k) (167)

Note that nothing special has changed here

He−ρt = H (168)

Therefore
µ = λeρt (169)

The maximisation conditions are

•
∂H

∂c
= 0 (170)

•
− ∂H

∂k
= µ̇− ρµ (171)

•
x(0) = x0, µ(T )e−ρT = 0 or lim

t→∞
e−ρtktµt (172)

3 Log-Linearisation

Recall the most simple differential equation from section 1. Compounding is as follows

(1 + r/2)(1 + r/2) = (1 + r/2)2 = 1 + r + r2/4 > 1 + r (173)

This is semi annual compounding. Let us now consider n period compounding.

(1 + r/n)n (174)

Taking the limit as n→∞
lim
n→∞

(1 + r/n)n = er (175)

Note that, taking the logs of e.08 = 1.083, one finds that log(1.083) = 0.08
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Now suppose that X is a normally distributed random variable. Then

EX =Eµ+
1

2
σ2 (176)

EeX =eEX+VarX
2 (177)

It is usual to say that log(X) must be log normally distributed.
We also say that a change in log(X) is the growth rate.

dlog(c)

dt
=

1

c
ċ = Cg (178)

Let us assume that C is lognormally distributed. Likewise, log(1 + r) is the continuously
compounded return which we assume to be normally distributed. Note also that

β =
1

1 + ρ
⇒ log(β) = −log(1 + ρ) ≈ −ρ (179)

We will begin with an Euler equation

u′(c1) = Eβ(1 + r)u′(c2)⇒ 1

Cθ
1

= E1β(1 + r)
1

cθ2
(180)

Eβ(1 + r)
c2

c1

θ

= 1 (181)

β(1 + r)
c2

c1

θ

= e
logβ(1+r)

c2
c1

−θ

(182)

= elogβ+log(1+r)=θc2+θlog(c1) (183)

Eelogβ+log(1+r)+θgc) (184)

Ee−ρ+log(1+r)+θgc = 1 (185)

Ee−ρ+log(1+r)−θµ− 1
2
θ2σ2

= 1 (186)

⇒ −ρ+ Elog(1 + r)− θµ+
1

2
θ2σ2 = 0 (187)

Example 3.1 (CCAPM). Starting out with an Euler equation

u′(c1) = Eβ(1 + r)u′(c2) (188)

Taking standard utility
1

cθ1
= E1

[
β(1 +R)

1

cθ2

]
(189)

We want to solve for r. Note that we cannot seperate c and r in the expectation as they are
correlated.

Eβ(1 + r)
(c1

c1

)−θ
= 1 (190)

We will attempt to linearise this in order to split up r and c. We will do this by using the
fact

elog(x) = x (191)
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β(1 + r)
(c1

c1

)−θ
= e

logβ(1+r)(
c1
c1

)−θ
(192)

⇒ E[e−ρ+r−θgc ] = 1 (193)

Note the step to get to the latest result is noting that

log β ≈ ρ, (194)

log(1 + r) ≈ r, (195)

log(c1/c2) = log(1 + gc) ≈ gc (196)

Now we will derive the expected value. Since

exp{−ρ+ Er − θ +
1

2
θ2σ2 +

1

2
σ2
r − θCov(r, gc)} = 1 (197)

⇒ −ρ+ Er − θ +
1

2
θ2σ2 +

1

2
σ2
r − θCov(r, gc) = 0 (198)

Note that we can find the risk free rate of interest by noting σ2
rf

= Cov[gc, rf ] = 0 (no

uncertainty).

Et[rf ] = ρ+ θµ− 1

2
θ2σ (199)

Here, ρ increases the rate of interest as people will be on saggregate more impatient so more
will borrow money now. The higher the growth of consumption, the higher the risk free rate
will be. This relates to consumption smoothing. The last term is related to precautionary
savings. What this also tells us is about the risk premium of any asset.

Combining our expression for the risky and risk free asset, we have

Er − rf = θCov(r, gc)−
1

2
σ2
r (200)

This yields the CCAPM model. If an asset co-varies positively with consumption growth
the asset is risky so it will demand a high risk premium.

3.0.1 Method of Undetermined Coefficients

Example 3.2.

Eexp{−δθ − θ

ψ
gt+1 + θrt+1} = 1 (201)

rt+1 = k0 + k1zt+1 − zt + gt+1 (202)

gt+1 = µ+ xt + ηt+1 (203)

xt+1 = ρxt + εt+1 (204)

The first equation is a function with consumption, the risk free rate and the level of risk
aversion. Then it is a euler equation. Here we will use the same linearisations techniqies as
the previous example. The error terms ηt+1 and εt+1. We may find the expectation of gt+1

Et[gt+1] = µ+ xt (205)

Var[gt+1] = σ2
η (206)

Et[xt+1] = ρxt (207)
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We will guess that
zt = A0 + A1xt (208)

Subbing this into our equation for rt+1

rt+1 = k0 + A0(k1 − 1) + A1xt(k1ρ− 1) + k1A1εt+1 + µ+ xt + ηt+1 (209)

We are trying to get everything we know together with the error terms. Turning our attention
to the Euler equation We multiply our expression for rt+1 by θ and multiply gt+1 by θ

ψ
.

Summing these items together we can find a simplified version of the euler equation with
η, ε1 To find the variance of expressions like this, bring the like error terms together. Then
you will have one constant infront. We find

θk0 + θA0(k1 − 1) + θA1xt(k1ρ− 1) + θµ+ θxt − θηt+1 −
θ

ψ
µ− θ

ψ
xt+1 −

θ

ψ
ηt+1 (211)

We get things in terms of xt as it is the only item in the equation which varies over time.
Since this must equal zero at every point, we equate the coefficient of xt to zero, we can
then solve for A1 and then solve for A0 in terms of A1. This is the method of undetermined
coefficients. We let the coefficient xt equal to zero as the initial condition must be satisfied
at every point in time.

Technique: Log Linearisation Rules

•
log(β) = log

1

1 + ρ
≈ −ρ (212)

•
E[eX ] = eE[X]+ 1

2
Var[X] (213)

•
log

c1

c2

≈ gc (214)

•
elog(X) = X (215)

4 Odd Ball Case solutions

This section is a prerequisite for the following applications of dynamic control. Namely the
Ramsay model.

1Recall that
Eexp(H) = 1⇒ exp(EH + 1/2V ar(H))⇒ EH + 1/2V ar(H) = 0 (210)
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4.1 Linear In the Control Variable

Specific attention is required when the hamiltonian is linear in the control variable. If this
is the case, we cannot use the standard FOC of ∂H

∂x
. For example

H = 3x+ 4 ⇒ ∂H

∂x
= 0⇒ 3 = 0 (216)

Maximising this with respects to the control variable within a given range yields a corner
solution.

Example 4.1.

max
u

∫ 2

0

2y − 3u dt (217)

ẏ = y + u (218)

y(0) = 4 (219)

u ∈ [0, 2] (220)

Get the hamiltoniain

H = 2y − 3u+ λ(y + u) (221)

= 2y + λy + u(λ− 3) (222)

It easily seen that to maximise the Hamiltonian, if λ > 3, then we will pick u = 2, otherwise
we will pick u = 0. We get the first order conditions with respects to the state variable

∂H

∂y
= −λ̇ = 2 + λ (223)

This is a first order differential equation

λ(t) = 2e2−t − 2 (224)

λ(t) = 3 ⇒ t = 1.0896, after this time λ is less than 3. Therefore, the control will switch
discontinuously to 0.

When λ > 0 at all points, we use an alternative transversality condition

λ(T )x(T ) = 0 (225)

Where x is the state variable.
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5 Dynamic Control Applications

5.1 Ramsay model

Consider the ramsay model in finite time. Instead of an infinite horizon, we stop at time T.
The transversality condition will be differemt. λ(T ) = 0, will not work. We will need to use
λ(T )K(T ) = 0. λ, will always be positive. You will always be able to gain some utility from
it. However, the value of capital at time T will have to be zero to satisfy the condition.

The arrows carry over. The only thing that changes is the time horizon.

5.2 Infinite Horizons

max
{ct}

∫ ∞
0

e−ρt
c1−θ
t

1− θ
dt (226)

k̇ = f(k)− c− (δ + n)k (227)

ċ

c
=
f ′(k)− ρ− δ

θ
(228)

We may have the present value hamil-
tonian or the current value hamiltonian.
When we include the e−ρt in our problem.
We have the FOCs with u control and the
state variable x

∂H

∂u
= 0 (229)

λ̇− ρλ = −∂H
∂x

(230)

(231)

We also have the transversality condition in infinite time of

lim
t→∞

e−ρtλtkt = 0 (232)

In the ramsay problem our current value hamiltonian where ct is the control and kt is the
state

H(c, k) = u(ct) + λk̇ (233)

= u(ct) + λ(f(kt)− ct − δkt) (234)

λ is the marginal value to your lifetime objective function by relaxing the budget con-
straint by one unit of k. In essences it is the marginal lifetime utiltiy of one more unit of
the state variable. Often reffered to the shadow price of capital. λ(ẋ) where x is state
variable, is the value of your economic activity that is happening today.
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With the first order condition on the control c we find
∂H

∂c
= 0⇒ λ =

1

cθ
(235)

Thus the shadow price to capital is the potential marginal utility from one more unit of
consumption.

We may also interpret the Hamiltonian. It is the increment to lifetime utility from the
economic activity you are involved in at that point in time. In this case, it is the utility from
ct at that time and the utility gain to saving λk̇.

The second FOC yields

∂H

∂k
= λ̇− ρλ (236)

λ̇

λ
= ρ− f ′(k) + δ = ρ− r (237)

By taking f ′(kt)− δ as the return to saving, net of depreciation, we can interpret this as

ρ = r +
λ̇

λ︸ ︷︷ ︸
Return to saving

(238)

The RHS is the return to saving. If the marginal utility of consumption is increasing, then
the return to saving would be higher as future consumption will be more useful. The return
to consuming today is mediated by ρ. The higher ρ is the more you will want to consume
today. Then loosely, ρ is the return to consumption today. Dealing with the TVC in the
ramsay model, we need to check that it holds in order for the solution to be optimal. λtkt
goes to a fixed point as time goes to infinity. e−ρt will go to zero in an infinite time horizon.

If we go down to the k axis in the ramsay phase diagram, consumption goes to zero.
Thus the marginal utility will be infinite. And as such the TVC condition will not hold.

Cant stay out to the right because linear depreciation and cost and diminishing marginal
product. You dont end up on the peak, because of the impatience. As a result of this
impatience, savings is lower than the optimal level of savings and pushes us to the left.
When we are at the peak, the economy is dynamically efficient. When we are out to the
right past the peak we are dynamically inefficient.

Now we will continue to solve this problem and ultimately end up at the Euler equation.
From before, we have

λ̇

λ
= ρ− f ′(k) + δ (239)

We know that λ = 1
cθ

, taking logs and differentiating (remember our old friend TLAD) we
find

log(λ) = log(
1

cθ
) (240)

= − log(cθ) (241)

d

dt
[log(λ) = −θ log(c)] (242)

⇒ λ̇

λ
= −θ ċ

c
(243)
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Equating our two equations for λ̇
λ

−θ ċ
c

= ρ− f ′(k) + δ (244)

⇒ ċ

c
=
f ′(k)− δ − ρ

θ
(245)

Kablamo our forever loved Euler equation. With our differential equation for capital,

k̇ = f(k)− c− δk (246)

We can then draw the phase diagram to gain a qualitative solution.
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5.3 Tobin’s Q-Theory

Our standard first order condition for investment is f ′(k)−δ = r. If the left had side exceeds
the cost you should invest more and vica versa. One implication of this is that if the interest
rate falls suddenly, investment would jump up rapidaly so you will have more caopital and
the marginal product of capital will fall. This is the neo classical theory of investment.
Keynes famously said that investment was driven by animal spirits. This model incorporates
these animal spirit in the form of expectations of the future.

One issue with the neo classical theory it assumes that adjustment take place instantly.
The transition to one capital stock to a new capital stock could in reality take a long time.
A more problematic element is that investment is completely dependent on what happens
today. There is no mention of the future in our FOC.

In this model we will allow for adjustment costs. This allows for investment to be
smoothed over time instead of instantly reacting to changes in the interest rate. Where in-
vestment is the change to capital from one period to the next. We assume convex investment
costs for investment and divestment. That is, the marginal cost to investment decreases as
more is invested. The partial adjustment mechanism is K̇ = α(K − K∗). Here K∗ is the
steady state level of capital as in the Ramsay model.

Tobin’s Q theory set up is as follows

V =

∫ ∞
t=0

e−rt

(
AF (K)− I − γ

2

I2

K

)
dt (247)

With K̇ = I. Note that we have not included depreciation. Setting up the hamiltonian as

H = AF (K)− I − γ

2

I2

K
+ qI (248)

The state variable is K and the control variable is I. The C(I,K) = γI2

2K
. Note that higher

capital reduces the cost to investment. Here we denote the co state variable with q.
We can interpret q economically. If I have an extra unit of investment, how does the

objective function change. It is the gain to the discounted value of all future profits from
one more unit of investment.

The first order conditions are as follows

∂H

∂I
= 0 (249)

−∂H
∂K

= q̇ − rq (250)

lim
t→∞

e−rtq(t)K(t) = 0 (251)

Each of these FOC have an interpretation. This says the marginal value of capital is zero.
This will always go to zero due to the discount factor. It is predominantly to ensure that
there is no crazy equilibirum where K can grow to infinity.
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We may interpret the first FOC as a marginal cost/marginal benefit. The firm will invest
up until the marginal gain is zero.

−1− γI/K = q = 0 (252)

⇒ q︸︷︷︸
MB

= 1 + γI/K︸ ︷︷ ︸
MC

(253)

I

K
=
q − 1

γ
(254)

For the second FOC, we manipulate

−∂H
∂K

= q̇ − rq (255)

r =
∂H
∂K

+ q̇

q
(256)

If q is rising over time, it is raising the value of the capital you have. If the partial derivate
first term is like the gain dividied by the price, almost like a dividend. How does total
value of lifetime economic activity change with one more unit of capital and how is the value
growing (q̇) divided by the price gives us a return.

We find

q̇ − rq = −AF ′(K)− γ

2

(
I

K

)2

(257)

We also know that
K̇

K
=
q − 1

γ
(258)

Which we can sub in for I/K, we can also find the isocline for K at q = 1. Above the
isocline, we have arrows moving to the right and underneath to the left.

• If q > 1, K̇ > 0, ⇒ Arrows pointing to the right

• If q < 1, K̇ < 0, ⇒ Arrows pointing to the left

This makes sense as if I have one more unit of capital, the objective function will change by
q. If the value function changes by less than 1, we will not add to the capital stock. Subbing
in equation (??) into our previous result, equation (??) we find

q̇ − rq = −AF ′(K)− γ

2

(
q − 1

γ

)2

(259)

= −MPK (260)

To get to the line above, we differentiate income in any period, which is return from invest-
ment minus adjustment costs (quotient rule used in last expression).

∂

∂K

[
Y = AF (K)− I − γ

2

I2

K

]
(261)

∂Y

∂K
= AF ′(K) + γ

( I
K

)2

= MPK (262)

(263)
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Note how investment costs part of the last line is positive. This is because investment
costs are proportionate to the level of capital. If capital is higher then investment costs are
relatively less.

We would have to linearise this in order to continue. We get a downwards sloping isocline

An Aside: General time variable and specific time variable technique

Recall that we had the simple differential equation

dy

dt
= r(t)y

⇒ dy

ds
= r(s)y∫ t

0

1

y
dy =

∫ t

0

r(s)ds

{log(y)}t0 =

∫ t

0

r(s)ds

log

(
y(t)

y(0)

)
=

∫ t

0

r(s)ds

y(t) = y(0) exp

{∫ t

0

r(s)ds

}

This example distinguishes between a general time variable s and the specific time
variable t.

We now have a system of differential equations. From this we may conduct qualitative
analysis using phase diagrams.

q̇ − rq = −AF ′(K)− γ

2

(
q − 1

γ

)2

(264)

K̇

K
=
q − 1

γ
(265)

In order to solve this equation, we must linearise the above equation which yields(
p
q

)
+ A(q − ī) +B(k − k̄) (266)

Doing so we can find the saddle path in figure (??). The locus of points for which q̇ = 0 is
downwards sloping. Where they intersect is the steady state. When the TVC is satisfied,the
economy moves towards the steady state. The TVC ensures good dynamics.

Paths of the saddle path represent bubbles. For example in the NE quadrant, both q
and K are growing for no fundamental reason and both are falling for no reason in the SE
quadrant.

Suppose A (productivity) rises, then the downward sloping isocline for q̇ will shift out to
the right. Intuitively, capital is more productive so you will buy more and go to a higher
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steady state level of capital. At the time of this shock, there will be a new saddle path. In-
stantaneously , there will be a jump up in q discontinuously, then you will converge down the
new saddle path to the original q. We end up with a higher steady state level of capital.
This shows the role of adjustment costs. In-
stead of all the investment happening im-
mediately, the level of investments increases
gradually rather than all at once. The more
investment in any given period, then costs
will be disproportionately more.

We will now derive an expression for q to
see this more formally.

We assume here that V is the stock mar-
ket value of a company. Then on the RHS,
this is the true value of the firm.

We will solve this using integrating fac-
tors. At any given time, q × k should be equal to the value of the company. K is the value
of all the equipment of the firm and the q is the price of each unit of that capital.

q̇ − rq = −AFK −
γ

2

(
q − 1

γ

)2

(267)

We use the integrating factor µt = e
∫
−rdt = e−rt multiplying across we find

∫ ∞
0

µt(q̇ − rq)dt = −
∫ ∞

0

µt

(
AFK −

γ

2

(
q − 1

γ

)2)
dt (268)

We also now impose the transversality condition in equation ??. Note the product of
qe−rt, must be equal to zero through economic intuition.

0− q(0)e−r0 = −
∫ ∞

0

e−rt

(
AFK −

γ

2

(
I

K

)2)
(269)

q0 =

∫ ∞
0

e−rt

(
AFK −

γ

2

(
I

K

)2)
(270)

If q is greater than one, you are incentivised to do more investment.
Note that in steady state, q = 1.

5.3.1 Testing the Theory

We had the FOC
I

K
= α(q − 1) (271)
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If we did a regression of I/K on q − 1, we should find a positive relationship. One issue
that plagues this literature is the difficulty in measuring q. In practice, they use a measure
related to the stock market valuation of a company. They assume that if the stock market
value of your company goes up, it is a measure of how much q goes up.

In practice, researchers use average q, V/K, the stock market valuation divided by the
value of the firms capital stock.

We may test this relationship with the following specification

I/K = (q − 1)/γ (272)

It has been found that the coefficient on q has been exceptionally low. This implies an
unreasonably high γ. Cashflow also has been included in specifications of this regression.
The coefficients on these under this theory are predicted to be zero.

The typical test of Q-Theory is to run the regression

I

K
= α + βq + σC + ε (273)

Here C can represent anything else that may effect investment decisions such as cash-flow
which it typically is. A role for cash-flow here suggests a market imperfection. This would
imply the firms own resources incentivise investment but not the actual value to projects. Q
theory predicts that only the latter is relevant.

Summers (1981) ran the same regression but finds a very low value for β. this would
suggest unreasonably high investment costs which is implausible. This is evidence against
the theory.

The major issue here is that measurement error causes the estimate of β to be biased
downwards. In other forms of the test, we test the significance of σ and should find it to be
insignificant.

33



6 Dynamic Optimization in Discrete Time

6.1 Difference Equations

We use difference equations yt+1 = ayt for discrete time series analysis, for example shop
sales/yearly consumption. k̇ = sf(k) − δk, becomes the change kt+1 − kt = sf(kt) − δkt.
Note that we also have the intuition of a steady state kt+1 = kt

yt+1 =ayt

y1 =ay0

y2 =a(ay0)

...

yt =aty0

Stability now depends on modulus of a. If |a| ≤ 1 then the system is stable.
We may have higher order of difference equatios and non homogenous ones,

xt+2 + bxt+1 + cx = d (274)

We will guess xt = Amt +Bmt. This is analgous to the continuos case. Read blog of phase
diagrams and saddle paths on Q theory. As before we have the same interpretation of the
saddle path. Note that mi corresponds to the roots to the charactersitic equation m2+bm+c.
When m < −1, we get oscillations, as time goes on the oscillations become greater. In the
case of double roots, as we know before, we must multiply our guess by t.
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Technique: Solving Difference Equations

Homogeneous

Suppose we have the general homogenous nth-order difference equation

anyt+n + an−1yt+n−1 + . . . a1xt = 0 (275)

1. Setup the chararteristic equation

anm
n + an−1m

n−1 + . . .+ a1m = 0 (276)

2. Solve for the roots of this equation

3. Guess the solution

y(t) = bnm
t
n + bn−1m

t
n−1 + . . .+ b1m

t
1 (277)

If we have equal roots, we add in a t to one of the basis vectors

y(t) = b1m
t + b2tm

t (278)

Non-Homogeneous

Suppose we have a non homogeneous difference equation

yt+2 + ayt+1 + byt = c (279)

1. Solution will be of the form yt = yc + yp. Where

yc = yt+2 + ayt+1 + byt = 0 (280)

Then yt = y∗ is a fixed point for all t.

2. • Let y∗ + ay∗ + by∗ = c, and then the fixed point y∗ is

y∗ =
c

1 + a+ b
(281)

If 1 + a+ b 6= 0

• If 1 + a+ b = 0, then try a moving fixed point ty∗

(t+ 2)y∗ + a(t+ 1)y∗ + tby∗ = c (282)

And solve for ny∗

3. The solution is then
yt = yc + y∗ (283)

Where yc is the solution to the homogeneous equation.
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Example 6.1. The following is the accelerator model

Ct = (1− s)Yt−1 (284)

It = σ(Yt−1 − Yt−2) (285)

Yt = Ct + It (286)

Combinding these three equations we get a second order difference equation for output.

Yt = (1− s+ δ)Yt−1 − σYt−2 (287)

We then convert this to standard form by getting Yt−2 on its own

Yt−2 −
(1− s+ δ)

σ
Yt−1 +

1

σ
Yt = 0 (288)

We then setup the characteristic equation

m2 −
((1− s+ δ)

σ

)
m+

1

σ
= 0 (289)

Technique: Non-Autonomous Non-Homogeneous Second Order

Suppose we have the difference equation

xt+2 − 5xt+1 + 6xt = 4t + t2 + 3 (290)

As before, the solution will consist of x = xc + xp, a complimentary solution to the
respective homogeneous equation and the particular solution. We thus guess for our
particular solution

xc = A4t +Bt2 + Et+ F (291)

The complete solution is then

xt = C22 +D3t︸ ︷︷ ︸
xc

+A4t +Bt2 + Et+ F︸ ︷︷ ︸
xp

(292)

6.2 System of Difference Equations

Technique: System of Difference Equations

We may also consider a system of equations, analogous to differential equations. Set
up the system as before, find λ1, λ2 and the corresponding vector v1,v2. Solution
becomes (

xt
yt

)
= v1Aλ

t
1 + v2Bλ

t
2 (293)

For a sytem of equations to be stable, suppose we have n control variables and m
state/pre-determined variables. Then we require n eigenvalues to be be of modulus
exceeding one and m eiigenvalues of modulus no more than one.
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6.3 General Non-Homogeneous Difference Equations

Suppose we have a non-homogeneous difference equation however the functional form of the
non homogeneous part is not specified. We will solve for xt in terms of b.

xt = αxt−1 + bt (294)

xt+1 = αxt + bt+1 (295)

We can either solve forward in terms of b or solve backwards in terms of b. For example,
we could solve forward for a stock price as a function of all the future expected values of the
dividends. This often however depends on α.

When |α > 1| - Solving Forward

xt =
xt+1

α
− bt−1

α
(296)

Find an epxression for xt+1 interms of xt+2. Iterate this process forward. In the first iteration
we find

xt+1 =
xt+2

α
− bt+2

α
(297)

⇒ xt =
xt+2

α2
− bt+2

α2
+
bt+1

α
(298)

Another Step forward

xt+2 =
xt+3

α
− bt+3

α
(299)

⇒ xt =
xt+3

α3
− bt+3

α3
− bt+2

α2
− bt+1

α
(300)

Then n-steps forward

⇒ xt =
xt+n
αn
−

n∑
i=1

bt+i
αi

(301)

(302)

In this process of solving forward, α > 1 must hold. Otherwise we solve backwards. This
then yields a fundamental solution. We assume a transversality condition in order to get a
closed form solution

lim
n→∞

xt+n
αn

= 0 (303)

Taking our fundamental solution and taking the limit as n→∞

lim
n→∞

xt︸ ︷︷ ︸
Doesn’t depend on n

= 0−
∞∑
j=1

bt+j
αj

(304)

⇒ xt = −
∞∑
j=1

bt+j
αj

(305)

(306)
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When |α < 1| - Solving Backwards

When α < 1, the method above is non finite. So instead we solve backwards

xt = αxt−1 + bt (307)

(308)

One step backwards

xt−1 = αxt−2 + bt−1 (309)

(310)

Subbing in one step backwards in to this period

xt = α2xt−2 + αbt−1 + bt (311)

xt−2 = αxt−3 + bt−3 (312)

(313)

Subbing in two steps back into this period

xt = α3xt−3 + α2bt−2 + αbt−1 + bt (314)

... (315)

xt = αnxt−n +
n∑
i=0

αibt−i (316)

We also have a variation of the transverasality condition

lim
k→∞

αkxt+k = 0 (317)

Letting k →∞

lim
k→∞

xt = lim
k→∞

αkxt−k︸ ︷︷ ︸
=0

+ lim
k→∞

k∑
j=0

αjbt−j (318)

xt =
∞∑
j=0

αjbt−j (319)

An example of when we will need to solve forwards is when we are dealing with inflation or
the price of a stock. The stock price is the present value of all future dividends. When we
discount these |1 + rt| > 1 so we solve forwards.

If we wish to evaluate the size of a capital stock say, we solve backwards as the capital
stock is the sum of all past investments including depreciation which would be 1− δ < 1.
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6.4 Phase Diagrams

In the case of a difference equation, the phase diagram is a graph in (xt, xt+1) space. We
add in a 45 degree line to denote the steady state. This will indicate where xt+1 = xt.

In the case of a non linear difference equation of the form

xt+1 = f(xt) (320)

We make take a Taylor expansion of f(xt) about the steady state. This will then be of the
form

xt+1 = f(x̄) + f ′(x̄)(xt − x̄) (321)

= f(x̄)− f ′(x̄)x̄+ f ′(x̄)xt (322)

Therefore, the requirements for this system to be stable is that

|f ′(x̄)| < 1 (323)

Then the system is stable and will converge to the steady state. This only provides local
results around the steady state.

6.5 Value Functions

Suppose that lifetime utility is the some utility and In this section, we consider dynamic
programming. In the simple case of two periods of consumption, we can arrive at the Euler
equation. A simple marginal cost/benefit relation of saving or consuming one extra unit.
This condition is indeed optimal as it incorporates the first order condition of the value
function satisfying the maximisation criteria. In the case of a multi period setting, dynamic
programming does just that. It breaks down an infinite time period intertemporal problem
into two periods. The marginal benefit of consuming today vs the opportunity cost of
consuming/saving that extra unit in any fashion in the remaining periods. This opportunity
cost is the greatest possible utility derived from any organisation of that possible consumption
in the future.

We select the optimally the value of a particular choice variable today and recognise that
this choice has implications on the future. We assume here that all future decisions will also
be made optimally.

Let ct be the choice variable at period t. Let kt be the state variable in that period. This
variable is not in the control of the agent but is effected directly from the choice variable.
In general form

kt = Q(ct−1, kt−1) (324)

This is an equation of motion of the state variable and is in general a first order difference
equation.

The objective of this problem is to find a function xt = ht(st), which dictates the path
of the choice variable given the state variable.

U = U(ct) + βV (kt+1) (325)

V (kt+1) = βU(ht+1(kt+1)) + β2U(ht+2(kt+2)) + . . . (326)
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Our concern is here as to how to estimate V . Each choice of xt+i depends on the choice of
xt+i−1 and so on.

The budget constraint for period 1 is the production function

ct = Akαt − kt+1 (327)

. There is 100% depreciation. We will maximise the utility function with respect to the
bc. We will setup the problem in order to choose the path of kt. If we maximise this with
respects to kt+1 and sub in the optimal values for ct+1. If we have capital today at time t,
what is the best we can do if we have capital kt today. More formally, the bellman equation

Vt(kt) = max
kt+1

{u(Akαt − kt+1) + βVt−1(kt+1)} (328)

Vt−1 is by definition already a maximum so it is not affected by the current maximum
operator. We could write this more generally again as

U(c1) + βU(c2) + β2U(c3) + . . .+ βt−1U(ct) + . . . (329)

What is important here is the additive nature of utility. We are trying to maximise the
additive series of utility subject to the dynamics of the state variable k.

Keeping in mind the RHS is a value function in kt. When we pick kt+1 we implicitly pick
ct. We will use the envelope theorem to differentiate. The Envelope theorem allows us to
get the derivative of the value function with respects to the exogenous variable.

Due to the additive structure, we may apply Bellman’s principle of optimality which says
that if we stop part way through and consider the remainder of the plan, that remainder
will still be optimal given the level of the state variable. This means that our plan is time
consistent.

What will I save today and what will I consume today. Maximise u(ct) + βV (kt+1) with
respects to kt+1. We then sub in the optimal ct+1.

V ′(kt) = (330)

optimal value of kt+1 is a function of kt. All we have to do is get the partial derivate of RHS,
ignoring the fact that kt+1 is a function of kt.

After applying the envelope theorem We get the following two FOCs

V ′(kt) = u, (ct)(αAk
α−1
t ) (331)

−u′(ct) + βV ′(kt+1) = 0 (332)

⇒ V ′(kt+1) = u′(ct)(αAk
α−1
t+1 ) (333)

Combinding yields a Euler ewuation

u′(ct) = βu′(ct+1) (334)

Firstly we assume that u′(c) = log(c). More importantly assum V (kt) = E + Flog(kt).
We use method of undetermined coefficents to estimate the functional form. Typically the
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Value function takes a very similiar form of the utiltiy function. Remeber what this means,
If we have kt today, V (kt) is our lifetime utility.

We substitute the guess in. We sub in our guess into

u(ct) + β(E + Flog(kt+1) (335)

Recall that ct = Akαt − kt+1

Then
log(Akαt − kt+1) + β(E + Flog(kt+1)) (336)

Chain rule, differentiate wrt to choice variable kt+1

− 1

ct
+ βF

1

kt+1

= 0 (337)

We can see that
kt+1 = βFct (338)

Ratio of capital and consumption is constant. It is a proportion of consumption vica versa.
Substituting this result into the budget constraint we get the result

ct+1 = Akαt = βFct =
1

1 + Fβ
Akαt (339)

Consumption is some constant fraction of output. A high β reduces the proportion of
consumption. Thus leading to less consumption.

We cant to get the right hand side.

V (kt) = maxkt+1{logct + βV (kt+1) (340)
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Technique: Dynamic Programming - Bellman Equation

Consider the problem of maximising utility over an infinite horizon in discrete time. We
are given a state variable FODE kt = Q(ct, kt−1) and a choice variable. The problem
lies in determining the optimal rule for choosing ct to maximise lifetime utility.

1. Setup the Bellman Equation

V (kt) = max
ct
{U(ct) + βJ(kt+1)} (341)

2. Take the partial derivative of V (ct), the Bellman equation with respects to the
choice variable ct.

U ′(ct) + βQ′(ct, kt)V
′(kt+1) = 0 (342)

As this must hold for every period, we may write

U ′(ct−1) + βQ′(ct−1, kt−1)V ′(kt) = 0 (343)

3. Write the Beneviste-Scheinkman condition

V ′(kt) + βQ′(ct−1, kt−1)V ′(kt+1) = 0 (344)

4. Combined these to find

U ′(ct+1) +
U ′(ct)

βQ′(ct+1, kt+1)
= 0 (345)

This is a non linear FODE. In the case of log utility for example, we would have

ct+1 = −Q′(ct+1, kt+1)βct (346)

5. To find the rule for ct, we assume a functional form for h(kt). Let −Q′(ct+1, kt+1)
be the interest rate (1 + rt), then guess h of the same functional form

ct = Xkt (347)

Then proceed with the method of undetermined coefficients.

42



7 Stochastic Difference Equations

yt+1 = αyt + εt+1 (348)

... (349)

y2 = . . . α2y0 + αε1 + ε2 (350)

Discussion on the persistence of the shock ε. For the α = 1, the shock does not go away. Does
output follow a unit root process? Any change to ouput is permanenet is the implication.
This extends into problems of whether or not Money is non neutral.

Now looking at stochastic differential eqiuation.

f(S, t) = AS +Bt (351)

df = AdS +Bdt (352)

dS = µdt+ σdW (353)

dW is a brownian motion. The higher σ the more volatile the series.

dx = adt+ bdq (354)

The bdq component is the poisson jump process. In a stochastic process, there is a discon-
tintuous jump.

W is desrcribed by
∆W = ε

√
∆t (355)

the first moment of this shock is 0. The variance is equal to the change in the time trivially.
Solution to

dS = µdt+ σdW (356)∫ t

0

dS =

∫ t

0

+

∫
σt0σdW (357)

⇒ S(t)− s(0) = µ(t) + σ(W (t)−W (0)) (358)

Example 7.1 (Geometric Brownian Motion).

dA

A
= gdt+ σdz (359)

At = A0e

(
g−σ
)

(360)

7.1 Properties of Brownian motion process

W (t)−W (s) = N(0, t− s) (361)
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W (t)−W (s) ⊥ w(u)− w(v) for u− v = t− s (362)

Suppose we have some function f(S, t)

df =
df

dt
dt+

∂f

ds
+ .. (363)

Suppose
W = log(s) (364)

Utility is equal to change of stock price. Which is some function of s, where s has this
property. Ito’s lemma allows us to estimate the properties of s.

In standard diffes, we could omit higher orders of linear approximation. In brownian
processes, we cannot omit these. Especially (dS)2

S, wiener process, contains δW = ε
√
t

(∆W )2 = ε2dt (365)

The dt term is part of the dt family and cannot be omitted.
This is Ito’s Lemma.

dS = µdt+ σdW (366)

(dW )2 = dt (367)

If we try to get (dS)2

dS = µ (368)

Encorporating a DE as a constraint
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