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Geometric Phases
Classical physics

Quantum physics (solid state)

𝜑

𝜓final = 𝑒 𝑖𝜑 𝜓initial

Parallel transport of a vector:
Angle between initial and final vector given
by the integrated Gaussian curvature

Adiabatic path through momentum space:
The state picks up the Berry phase given
by the integral over the Berry curvature
(in addition to the dynamical phase)
Berry 1984

Berry Curvature
• Berry curvature describes the geometry of the Bloch states in momentum space:

• The wave function acquires a phase on a closed loop (‘Berry phase’)

• Analogy:

Berry curvature = effective magnetic field in momentum space
Berry phase = Aharonov-Bohm phase
[compare semiclassical dynamics: Price & Cooper, PRA (2012)]

Berry Curvature and Topology
• The Integral over the full Brillouin zone yields the Chern number

• The Chern number is a topological invariant: it can only change when
bands touch
• Analogy: Gauß-Bonnet theorem relates the integral over the Gaussian
curvature to the number of holes of a surface

• At the interface between topologically distinct phases, chiral edge states appear.
• Bulk-edge correspondence: Number of edge states = Chern number of occupied bands
• Non-local topological order: Phase transitions beyond the Landau paradigm
Hasan & Kane, Rev. Mod. Phys. (2010)

Berry Phase Effects and Topology in Solids
• Quantum Hall effect (1980): quantization of conductivity related to Chern numbers
• Renewed interest since 2000. New phases of matter: Quantum Spin-Hall effect,
topological insulators, Berry phase effects in graphene,…
Xiao et al. Rev. Mod. Phys. (2010). Hasan & Kane, Rev. Mod. Phys. (2010)
• Possible applications in quantum information processing and spintronics
• Measure conductivity or image surface states. No direct access to Berry curvature.

Quantum Hall effect:
quantized conductivity
Von Klitzing, PRL (1980)

Topological insulator:
insulating in the bulk,
conducting at the edge
Hsieh et al. Nature (2008)

Anomalous Hall effect in
graphene
http://www.sciguru.org

Berry Phase Effect and Topology with Cold Atoms
• Ultracold atoms in optical lattices = Model system for solid state physics
• New approach to study Berry phase effects
Berry Phases

Chern Numbers

Berry Curvature

Aharanov-Bohm
interferometer in
momentum space

Transverse Hall drift in
semiclassical dynamics
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Tunable Hexagonal Lattices
• Hexagonal lattice is formed by three running laser beams
Soltan-Panahi et al., Nat. Phys (2011)

• Lattice = triangular lattice (s-polarization) + honeycomb
lattice (p-polarization) (with phase shift)
• Polarization control -> Many different geometries
Baur et al. PRA (2014). See also: Tarruell et al, Nature (2012)

• This talk: hexagonal lattice with tunable A-B-site offset

Floquet Engineering via Lattice Shaking

𝜈 + 𝜈0 cos(Ω𝑡)

Floquet engineering:
• Coupling of bands via near-resonant periodic driving
• Obtain new effective Floquet Hamiltonian
(for stroboscopic time evolution)
• The Floquet Hamiltonian can have new properties
(e.g. topology)
Oka & Aoki, PRB (2009), Kitagawa et al. PRB (2010)
Bukov et al. Advances in Physics (2015)
Technical realization at our experiment:
• Control lattice phases via phase modulation of AOMs
• Well-controlled lattice shaking
• Adiabatic ramps of the shaking frequencies are possible
(in contrast to modulation by piezos)
• Arbitrary shaking trajectories or jumps possible

Experiments: Lignier, PRL 2007; Struck, Science (2011); Parker, Nature Phys. (2013); Jotzu, Nature (2014);…
Related technique: Kennedy, Nature Phys. (2015); Aidelsburger, Nature Phys. (2015); Goldman, PRA (2015);…

Floquet Engineering of Berry Curvature
graphene lattice
BC singular at Dirac
points
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Berry Curvature in Hexagonal Lattices
A and B
sublattices

Bloch sphere
representation

• At each momentum k, the eigenstates are described by two angles

• From these angles, the Berry curvature can be obtained

measurement 𝜃 and 𝜙 for each k = measurement of Berry curvature!

Experimental Realization of State Tomography

Bands interfere:
Based on: Hauke et al. PRL 113, 045303 (2014). Similar idea: Alba et al., PRL 107, 235301 (2011)

Experimental Pictures

Fitting a sine to each pixel (i.e. momentum) yields desired angles

Experimental Results: Berry Curvature
phase φ

Berry curvature

Floquet calculation

experimental data
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Very good agreement
without free parameters

Experimental Results: Chern Numbers
From the Berry curvature we can obtain:
• Berry phases along arbitrary paths
• Chern number
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Confirmation of integer quantization of the Chern number

Summary
• Floquet engineering of Berry curvature
circular shaking

• State tomography from quench dynamics
amplitude sin θ

phase φ

Berry curvature

• Quantization of the Chern number:
C=0.005(6)
C=-0.016(8)

Outlook: Preparation of a Topological Insulator
Towards topological insulators with cold atoms
• Bands with C=1 have been realized
Jotzu et al., Nature (2014),
Aidelsburger et al., Nature Phys. (2015)
• Our scheme also has C=1 regime
(simply tune frequency)
• Still open challenge:
How can one prepare the ground state?
• No adiabatic crossing of a topological phase transition!
D’Alessio & Rigol, Nature Comm. (2015)
Possible solutions:
• Relaxation via interactions after quench?
• Avoid band touching points during transition?

Outlook: Topology and Interactions
Interplay of momentum-space topology and real-space interactions
• How to define many-body topological invariants?
Wang et al. PRL 105, 256803 (2010)
• What happens to the bulk-edge correspondence principle?
• Novel exotic phases predicted (e.g. topological Mott insulator)
Raghu et al. PRL 100, 156401 (2008)
First step: Mean-field effect on the state tomography measurement
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