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Combine Functions using Algebraic Operations

Calculate how much it costs to heat a house on a particular day of the year:
The cost to heat a house will depend on the average daily temperature, and 
in turn, the average daily temperature depends on the particular day of the 
year. 

We have two relationships: 
1. The cost depends on the temperature 
2. The temperature depends on the day



Composition of Functions
When the output of one function is used as the input of another, we call the 
entire operation a composition of functions. For any input 𝑥 and 
functions 𝑓 and 𝑔, this action defines a composite function, which we write 
as 𝑓 ∘ 𝑔 such that

𝑓 ∘ 𝑔 𝑥 = 𝑓(𝑔 𝑥 )

The domain of the composite function 𝑓 ∘ 𝑔 is all 𝑥 such that 𝑥 is in the 
domain of 𝑔 and 𝑔(𝑥) is in the domain of 𝑓
It is important to realize that the product of functions 𝑓𝑔 is not the same as 
the function composition 𝑓(𝑔(𝑥)), because, in general, 𝑓(𝑥)𝑔(𝑥) ≠ 𝑓(𝑔(𝑥))



Evaluating Composite Functions Using Tables

Read input and output values from the table entries and always work from 
the inside to the outside. Evaluate the inside function first and then use the 
output of the inside function as the input to the outside function. 

Example:  Using the table below, evaluate 𝑓 𝑔 1 and 𝑔(𝑓 4 )

Solution:  𝑓 𝑔 1 = 𝑓 3 = 3 and 𝑔 𝑓 4 = 𝑔 1 = 3

𝒙 𝒇(𝒙) 𝒈(𝒙)
1 6 3
2 8 5
3 3 2
4 1 7



Evaluating Composite Functions Using Graphs

Given a composite function and graphs of its individual functions, 
evaluate it using the information provided by the graphs.
1. Locate the given input to the inner function on the 𝑥-axis of its graph.
2. Read off the output of the inner function from the 𝑦-axis of its graph.
3. Locate the inner function output on the 𝑥-axis of the graph of the outer 

function.
4. Read the output of the outer function from the 𝑦-axis of its graph. This is 

the output of the composite function.



Evaluating Composite Functions Using Formulas

Given a formula for a composite function, evaluate the function.
1. Evaluate the inside function using the input value or variable provided
2. Use the resulting output as the input to the outside function

Example: Given 𝑓 𝑡 = 𝑡1 − 𝑡 and ℎ 𝑥 = 3𝑥 + 2, evaluate 𝑓(ℎ 1 )
Solution:

ℎ 1 = 3 1 + 2 = 5
𝑓 ℎ 1 = 𝑓 5 = 	51 − 5 = 20



Domain of a Composite Function

The domain of a composite function 𝑓(𝑔 𝑥 ) is the set of those inputs 𝑥 in 
the domain of 𝑔 for which 𝑔(𝑥) is in the domain of 𝑓

For a function composition 𝒇(𝒈 𝒙 ), determine its domain.
1. Find the domain of 𝑔
2. Find the domain of 𝑓
3. Find those inputs, 𝑥, in the domain of g for which 𝑔(𝑥) is in the domain 

of 𝑓. That is, exclude those inputs, 𝑥, from the domain of 𝑔 for which 
𝑔(𝑥) is not in the domain of 𝑓. The resulting set is the domain of 𝑓 ∘ 𝑔



Decomposing a Composite Function

In some cases, it is necessary to decompose a complicated function. 
Write it as a composition of two simpler functions. There may be more 
than one way to decompose a composite function, so we may choose 
the decomposition that appears to be most expedient.

Example:  Write 𝑓(𝑥) = 5 − 𝑥1� as the composition of two functions

Solution:  We are looking for two functions, 𝑔 and ℎ, so 𝑓(𝑥) = 𝑔(ℎ(𝑥)). 
To do this, we look for a function inside a function in the formula for 𝑓(𝑥). 
As one possibility, we might notice that the expression 5 − 𝑥1 is the inside 
of the square root. We could then decompose the function as

ℎ 𝑥 = 5 − 𝑥1 and 𝑔 𝑥 = 𝑥�



Graph Functions using Vertical Shifts

One simple kind of transformation involves shifting the entire graph of a 
function up, down, right, or left. The simplest shift is a vertical shift, 
moving the graph up or down, because this transformation involves adding 
a positive or negative constant to the function.

Given a function 𝑓(𝑥), a new function
𝑔(𝑥) = 𝑓(𝑥) + 𝑘, where 𝑘 is a constant,
is a vertical shift of the function 𝑓(𝑥).

All the output values change by 𝑘 units.
If 𝑘 is positive, the graph will shift up.
If 𝑘 is negative, the graph will shift down.



Graph Functions using Horizontal Shifts

A shift to the input results in a movement of the graph of the function left or 
right in what is known as a horizontal shift.

Given a function 𝑓, a new function
𝑔(𝑥) = 𝑓(𝑥 − ℎ), where ℎ is a constant,
is a horizontal shift of the function 𝑓.

If ℎ is positive, the graph will shift right.
If ℎ is negative, the graph will shift left.



Vertical and Horizontal Reflections

Another transformation that can be 
applied to a function is a reflection 
over the 𝑥- or 𝑦-axis. 
A vertical reflection reflects a graph 
vertically across the 𝑥-axis, while 
a horizontal reflection reflects a 
graph horizontally across the 𝑦-axis.



Vertical and Horizontal Reflections

Given a function 𝑓(𝑥), a new function 𝑔(𝑥) = −𝑓(𝑥) is a vertical 
reflection of the function 𝑓(𝑥), sometimes called a reflection about (or 
over, or through) the 𝑥-axis.
• To graph, multiply all outputs by −1 for a vertical reflection

Given a function 𝑓(𝑥), a new function 𝑔(𝑥) = 𝑓(−𝑥) is a horizontal 
reflection of the function 𝑓(𝑥), sometimes called a reflection about 
the 𝑦-axis.
• To graph, multiply all inputs by −1 for a horizontal reflection



Even and Odd Functions
A function is called an even function if for every input 𝑥 :  𝑓(𝑥) = 𝑓(−𝑥)
The graph of an even function is symmetric about the 𝑦-axis.

A function is called an odd function if for every input 𝑥 :  𝑓(𝑥) = −𝑓(−𝑥)
The graph of an odd function is symmetric about the origin

To determine if the function is even, odd, or neither:
1. Determine if the function satisfies 𝑓(𝑥) = 𝑓(−𝑥). If it does, it is even
2. Determine if the function satisfies 𝑓(𝑥) = −𝑓(−𝑥). If it does, it is odd
3. If the function does not satisfy either rule, it is neither even nor odd



Vertical Stretches and Compressions

Given a function 𝑓(𝑥), a new function 
𝑔(𝑥) = 𝑎𝑓(𝑥), where 𝑎 is a constant, is 
a vertical stretch or vertical compression of 
the function 𝑓(𝑥).

• If 𝑎 > 1, then the graph will be stretched
• If 0	 < 	𝑎	 < 	1, then the graph will be 

compressed
• If 𝑎 < 0, then there will be combination of 

a vertical stretch or compression with a 
vertical reflection



Horizontal Stretches and Compressions
Given a function 𝑓(𝑥), a new function 𝑔(𝑥) =
𝑓(𝑏𝑥), where 𝑏 is a constant, is a horizontal 
stretch or horizontal compression of the 
function 𝑓(𝑥)

• If 𝑏 > 1, then the graph will be compressed 
by ?

@

• If 0 < 𝑏 < 1, then the graph will be 
stretched by ?

@

• If 𝑏 < 0, then there will be combination of a 
horizontal stretch or compression with a 
horizontal reflection



Combine Vertical and Horizontal Stretches

For a Function and both a Vertical and Horizontal Shift, Sketch the 
Graph

1. Identify the vertical and horizontal shifts from the formula
2. The vertical shift results from a constant added to the output. Move the 

graph up for a positive constant and down for a negative constant
3. The horizontal shift results from a constant added to the input. Move the 

graph left for a positive constant and right for a negative constant
4. Apply the shifts to the graph in either order



Combining Transformations

• When combining vertical transformations written in the form 𝑎𝑓(𝑥) + 𝑘, 
first vertically stretch by 𝑎 and then vertically shift by 𝑘
• When combining horizontal transformations written in the form 𝑓(𝑏𝑥 + ℎ), 

first horizontally shift by ℎ and then horizontally stretch by ?
@

• When combining horizontal transformations written in the form
𝑓(𝑏(𝑥 + ℎ)), first horizontally stretch by ?

@
and then horizontally shift by ℎ

• Horizontal and vertical transformations are independent. It does not 
matter whether horizontal or vertical transformations are performed first.



Summary: Transformations of Functions

Vertical shift 𝑔(𝑥) = 𝑓(𝑥) + 𝑘	(up for 𝑘 > 0 )

Horizontal shift 𝑔(𝑥) = 𝑓(𝑥 − ℎ) (right for ℎ > 0	)

Vertical reflection 𝑔(𝑥) = −𝑓(𝑥)

Horizontal reflection 𝑔(𝑥) = 𝑓(−𝑥)

Vertical stretch 𝑔(𝑥) = 𝑎𝑓(𝑥)	(	𝑎 > 0)

Vertical compression 𝑔 𝑥 = 𝑎𝑓 𝑥 (0 < 𝑎 < 1)

Horizontal stretch 𝑔(𝑥) = 𝑓(𝑏𝑥)	(0 < 𝑏 < 1)

Horizontal compression 𝑔(𝑥) = 𝑓(𝑏𝑥)	(	𝑏 > 1	)



Inverse Functions

For any one-to-one function 𝑓(𝑥) = 𝑦, a function 𝑓A?(𝑥) is an inverse 
function of 𝑓 if 𝑓A?(𝑦) = 𝑥. 

This can also be written as 𝑓A?(𝑓(𝑥)) = 𝑥 for all 𝑥 in the domain of 𝑓. It 
also follows that 𝑓(𝑓A?(𝑥)) = 𝑥 for all 𝑥 in the domain of 𝑓A? if 𝑓A? is the 
inverse of 𝑓.

The notation 𝑓A? is read ‘‘𝑓 inverse.” Like any other function, we can use 
any variable name as the input for 𝑓A?, so we will often write 𝑓A?	(𝑥), which 
we read as ‘‘𝑓 inverse of 𝑥.″

Keep in mind that 𝑓A?(𝑥) ≠ ?
B(C)

and not all functions have inverses.



Inverse Functions
Given 2 functions 𝒇(𝒙) and 𝒈(𝒙), test whether the functions are 
inverses of each other:
1. Determine whether 𝑓(𝑔(𝑥)) = 𝑥 or 𝑔(𝑓(𝑥)) = 𝑥
2. If either statement is true, then both are true, and 𝑔 = 𝑓A?	and 𝑓 = 𝑔A?

If either statement is false, then both are false, and 𝑔 ≠ 𝑓A? and 𝑓 ≠ 𝑔A?

If 𝑓 𝑥 = ?
CD1

and 𝑔 𝑥 = ?
C
− 2, is	𝑔 = 𝑓A??

Solution: 𝑔 𝑓 𝑥 = ?
( E
FGH)

− 2

= 𝑥 + 2 − 2
= 𝑥

So 𝑔 = 𝑓A?	 and 𝑓 = 𝑔A?



Inverse Functions

The range of a function 𝑓(𝑥) is the domain of the inverse function 𝑓A?(𝑥)

The domain of 𝑓(𝑥) is the range of 𝑓A?(𝑥)



Inverse Functions

For the graph of a function, evaluate its inverse at specific points
1. Find the desired input on the 𝑦-axis of the given graph.
2. Read the inverse function’s output from the 𝑥-axis of the given graph.

For a function represented by a formula, find the inverse
1. Make sure 𝑓 is a one-to-one function.
2. Solve for 𝑥
3. Interchange 𝑥 and 𝑦



Graph a Function’s Inverse

The graph of 𝑓A? 𝑥 is the graph of 𝑓 𝑥 reflected about the diagonal line 
𝑦 = 𝑥, which we will call the identity line.

For example, the quadratic function 
𝑓 𝑥 = 𝑥1 restricted to the domain [0,∞)
so that the function is one-to-one,
reflects about the identity line for
the inverse function 𝑓A? 𝑥 = 𝑥� .



Quick Review

• Are there any situations where 𝑓(𝑔(𝑦)) and 𝑔(𝑓(𝑥)) would both be 
meaningful or useful expressions?
• What is a composite function?
• A composite function can be evaluated in what forms?
• Can functions be decomposed in more than one way?
• A function can be shifted vertically by adding a constant to what?
• A vertical reflection reflects a graph about which axis?
• Does the order in which the reflections are applied affect the final graph?
• Is it possible for a function to have more than one inverse?
• Is there any function that is equal to its own inverse?


