
Chapter 3

The Fundamentals of Algebra

As his name portends, Abu Jafr Muhammad ibn Musa al-Khwarizmi was one
of the greatest Arab mathematician of his time. While living in Baghad during
the ninth century AD he became the Chief Librarian at the House of Wisdom, a
library and major center of intellectual study. In the year 820AD, al-Khwarizmi
wrote Al-Kitab al-mukhtasar ti Hisab al-jabr w’al-muqabala, translated to, The
Compendious Book on Calculation by Restoration and Reduction, the first book
to generalize solving equations using the principles of equality. In fact, the word
algebra itself comes from al-jabr, meaning reunion or completion.

Many earlier cultures had employed what we might call algebra in the ser-
vice of business, land management, inheritance, and trade. The Bablyonians
were solving quadratic equations in 2000BC, but only specific equations, with
specific numbers. Hindus on the Indian continent were also developing algebra
along side their invention of the symbol for zero 0. But like al-Khwarizmi and
the Moslem Arabs of the first millenium, to write equations these early cul-
tures did not use symbols like x or y, or even equal signs = that we use today.
al-Khwarizmi wrote absolutely everything in words! 42 would be forty-two!

Early algebra written all with words is called rhetorical algebra, and a thou-
sand years ago, each mathematician had their own way of expressing it. Algebra
was a language with many different dialects, and communicating it from one
mathematician to another was difficult as they had to explain themselves with
words. It wasn’t until well after the Gutenberg printing press was invented in
1436 and print became standardized, that Rene Descartes, a Frenchman began
to develop a modern symbolic algebra.

In this section we’ll learn how to manipulate symbols in order to al-muqabalah
(combine like terms) and al-jabr (restore and balance equations). But we’ll use
modern notation to make it easier!
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172 CHAPTER 3. THE FUNDAMENTALS OF ALGEBRA

3.1 Mathematical Expressions

Recall the definition of a variable presented in Section 1.6.

Variable. A variable is a symbol (usually a letter) that stands for a value that
may vary.

Let’s add the definition of a mathematical expression.

Mathematical Expression. When we combine numbers and variables in
a valid way, using operations such as addition, subtraction, multiplication,
division, exponentiation, and other operations and functions as yet unlearned,
the resulting combination of mathematical symbols is called a mathematical

expression.

Thus,
2a, x+ 5, and y2,

being formed by a combination of numbers, variables, and mathematical oper-
ators, are valid mathematical expressions.

A mathematical expression must be well-formed. For example,

2 +÷5x

is not a valid expression because there is no term following the plus sign (it is
not valid to write +÷ with nothing between these operators). Similarly,

2 + 3(2

is not well-formed because parentheses are not balanced.

Translating Words into Mathematical Expressions

In this section we turn our attention to translating word phrases into mathe-
matical expressions. We begin with phrases that translate into sums. There
is a wide variety of word phrases that translate into sums. Some common
examples are given in Table 3.1(a), though the list is far from complete. In
like manner, a number of phrases that translate into differences are shown in
Table 3.1(b).

Let’s look at some examples, some of which translate into expressions in-
volving sums, and some of which translate into expressions involving differ-
ences.

You Try It!

EXAMPLE 1. Translate the following phrases into mathematical expres-Translate the following
phrases into mathematical
expressions: (a) “13 more
than x”, and (b) “12 fewer
than y”.

sions: (a) “12 larger than x,” (b) “11 less than y,” and (c) “r decreased
by 9.”
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3.1. MATHEMATICAL EXPRESSIONS 173

Solution. Here are the translations.

a) “12 larger than x” becomes x+ 12.

b) “11 less than y” becomes y − 11.

c) “r decreased by 9” becomes r − 9. Answers: (a) x+13 and (b)
y − 12

�

Phrase Translates to:

sum of x and 12 x+ 12

4 greater than b b+ 4

6 more than y y + 6

44 plus r 44 + r

3 larger than z z + 3

(a) Phrases that are sums.

Phrase Translates to:

difference of x and 12 x− 12

4 less than b b− 4

7 subtracted from y y − 7

44 minus r 44− r

3 smaller than z z − 3

(b) Phrases that are differences.

Table 3.1: Translating words into symbols.

You Try It!

EXAMPLE 2. Let W represent the width of the rectangle. The length of a The width of a rectangle is 5
inches shorter than its length
L. Express the width of the
rectangle in terms of its
length L.

rectangle is 4 feet longer than its width. Express the length of the rectangle in
terms of its width W .

Solution. We know that the width of the rectangle is W . Because the length
of the rectangle is 4 feet longer that the width, we must add 4 to the width to
find the length.

Length is 4 more than the width

Length = 4 + W

Thus, the length of the rectangle, in terms of its width W , is 4 +W . Answer: L− 5

�

You Try It!

EXAMPLE 3. A string measures 15 inches is cut into two pieces. Let x A string is cut into two
pieces, the first of which
measures 12 inches. Express
the total length of the string
as a function of x, where x
represents the length of the
second piece of string.

represent the length of one of the resulting pieces. Express the length of the
second piece in terms of the length x of the first piece.

Solution. The string has original length 15 inches. It is cut into two pieces
and the first piece has length x. To find the length of the second piece, we
must subtract the length of the first piece from the total length.
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174 CHAPTER 3. THE FUNDAMENTALS OF ALGEBRA

Length of the
second piece

is Total length minus
the length of
first piece

Length of the
second piece

= 15 − x

Thus, the length of the second piece, in terms of the length x of the first piece,
is 15− x.Answer: 12 + x

�

There is also a wide variety of phrases that translate into products. Some
examples are shown in Table 3.2(a), though again the list is far from complete.
In like manner, a number of phrases translate into quotients, as shown in
Table 3.2(b).

Phrase Translates to:

product of x and 12 12x

4 times b 4b

twice r 2r

(a) Phrases that are products.

Phrase Translates to:

quotient of x and 12 x/12

4 divided by b 4/b

the ratio of 44 to r 44/r

(b) Phrases that are differences.

Table 3.2: Translating words into symbols.

Let’s look at some examples, some of which translate into expressions in-
volving products, and some of which translate into expressions involving quo-
tients.

You Try It!

EXAMPLE 4. Translate the following phrases into mathematical expres-Translate into mathematical
symbols: (a) “the product of
5 and x” and (b) “12 divided
by y.”

sions: (a) “11 times x,” (b) “quotient of y and 4,” and (c) “twice a.”

Solution. Here are the translations.

a) “11 times x” becomes 11x.

b) “quotient of y and 4” becomes y/4, or equivalently,
y

4
.

c) “twice a” becomes 2a.Answer: (a) 5x and (b) 12/y.

�

You Try It!

EXAMPLE 5. A plumber has a pipe of unknown length x. He cuts it into 4A carpenter cuts a board of
unknown length L into three
equal pieces. Express the
length of each piece in terms
of L.

equal pieces. Find the length of each piece in terms of the unknown length x.
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3.1. MATHEMATICAL EXPRESSIONS 175

Solution. The total length is unknown and equal to x. The plumber divides
it into 4 equal pieces. To find the length of each pieces, we must divide the
total length by 4.

Length of each piece is Total length divided by 4

Length of each piece = x ÷ 4

Thus, the length of each piece, in terms of the unknown length x, is x/4, or

equivalently,
x

4
. Answer: L/3.

�

You Try It!

EXAMPLE 6. Mary investsA dollars in a savings account paying 2% interest David invest K dollars in as
savings account paying 3%
per year. He invests half this
amount in a mutual fund
paying 4% per year. Express
the amount invested in the
mutual fund in terms of K,
the amount invested in the
savings account.

per year. She invests five times this amount in a certificate of deposit paying
5% per year. How much does she invest in the certificate of deposit, in terms
of the amount A in the savings account?

Solution. The amount in the savings account is A dollars. She invests five
times this amount in a certificate of deposit.

Amount in CD is 5 times Amount in savings

Amount in CD = 5 · A

Thus, the amount invested in the certificate of deposit, in terms of the amount
A in the savings account, is 5A. Answer: 1

2
K

�

Combinations

Some phrases require combinations of the mathematical operations employed
in previous examples.

You Try It!

EXAMPLE 7. Let the first number equal x. The second number is 3 more A second number is 4 less
than 3 times a first number.
Express the second number
in terms of the first number
y.

than twice the first number. Express the second number in terms of the first
number x.

Solution. The first number is x. The second number is 3 more than twice the
first number.

Second number is 3 more than
twice the

first number

Second number = 3 + 2x
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176 CHAPTER 3. THE FUNDAMENTALS OF ALGEBRA

Therefore, the second number, in terms of the first number x, is 3 + 2x.Answer: 3y − 4

�

You Try It!

EXAMPLE 8. The length of a rectangle is L. The width is 15 feet less thanThe width of a rectangle is
W . The length is 7 inches
longer than twice the width.
Express the length of the
rectangle in terms of its
length L.

3 times the length. What is the width of the rectangle in terms of the length
L?

Solution. The length of the rectangle is L. The width is 15 feet less than 3
times the length.

Width is
3 times

the length
less 15

Width = 3L − 15

Therefore, the width, in terms of the length L, is 3L− 15.Answer: 2W + 7

�
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3.1. MATHEMATICAL EXPRESSIONS 177

§ § § Exercises § § §

In Exercises 1-20, translate the phrase into a mathematical expression involving the given variable.

1. “8 times the width n ”

2. “2 times the length z ”

3. “6 times the sum of the number n and 3”

4. “10 times the sum of the number n and 8”

5. “the demand b quadrupled”

6. “the supply y quadrupled”

7. “the speed y decreased by 33”

8. “the speed u decreased by 30”

9. “10 times the width n ”

10. “10 times the length z ”

11. “9 times the sum of the number z and 2”

12. “14 times the sum of the number n and
10”

13. “the supply y doubled”

14. “the demand n quadrupled”

15. “13 more than 15 times the number p ”

16. “14 less than 5 times the number y ”

17. “4 less than 11 times the number x ”

18. “13 less than 5 times the number p ”

19. “the speed u decreased by 10”

20. “the speed w increased by 32”

21. Representing Numbers. Suppose n
represents a whole number.

i) What does n+ 1 represent?

ii) What does n+ 2 represent?

iii) What does n− 1 represent?

22. Suppose 2n represents an even whole num-
ber. How could we represent the next
even number after 2n?

23. Suppose 2n + 1 represents an odd whole
number. How could we represent the next
odd number after 2n+ 1?

24. There are b bags of mulch produced each
month. How many bags of mulch are pro-
duced each year?

25. Steve sells twice as many products as
Mike. Choose a variable and write an ex-
pression for each man’s sales.

26. Find a mathematical expression to repre-
sent the values.

i) How many quarters are in d dollars?

ii) How many minutes are in h hours?

iii) How many hours are in d days?

iv) How many days are in y years?

v) How many months are in y years?

vi) How many inches are in f feet?

vii) How many feet are in y yards?
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178 CHAPTER 3. THE FUNDAMENTALS OF ALGEBRA

§ § § Answers § § §

1. 8n

3. 6(n+ 3)

5. 4b

7. y − 33

9. 10n

11. 9(z + 2)

13. 2y

15. 15p+ 13

17. 11x− 4

19. u− 10

21. i) n+1 represents the next whole num-
ber after n.

ii) n+2 represents the next whole num-
ber after n+ 1, or, two whole num-
bers after n.

iii) n − 1 represents the whole number
before n.

23. 2n+ 3

25. Let Mike sell p products. Then Steve sells
2p products.
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