
Chapter 6

Ratio and Proportion

From the beginnings of the human race, we’ve long compared one quantity
with another, a comparison that is called a ratio in mathematics. “Their tribe
has twice as many cattle as ours” or “Two baskets of wheat cost 12 ducats”
are examples of ratios that ring from distant times. Indeed, the concept of a
ratio cannot be assigned to any one individual or class of individual. In his
History of Mathematics, D. E. Smith writes:

It is rather profitless to speculate as to the domain in which the
concept of ratio first appeared. The idea that one tribe is twice as
large as another and the idea that one leather strap is only half as
long as another both involve the notion of ratio; both are such as
would develop early in the history of the race, and yet one has to
do with ratio of numbers and the other with the ratio of geomet-
ric magnitudes. Indeed, when we come to the Greek writers we
find Nicomachus including ratio in his arithmetic, Eudoxus in his
geometry, and Theon of Smyrna in his chapter on music.

Examples and applications of ratios are limitless: speed is a ratio that com-
pares changes in distance with respect to time, acceleration is a ratio that
compares changes in speed with respect to time, and percentages compare the
part with the whole. We’ve already studied one classic ratio, the ratio of the
circumference of a circle to its diameter, which gives us the definition of π.

One of the most famous ratios in history involves the division of a line
segment AB into two segments AC and CB by selecting a point C on the
segment AB.

   

A C B

The idea is to select a point C on the segment AB so that

AB

AC
=

AC

CB
.
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448 CHAPTER 6. RATIO AND PROPORTION

This ratio has a special name, the Golden Ratio, and has an exact value equal to
(1+

√
5)/2. The Golden Ratio has been known since the time of Euclid. Ancient

and modern architects have long held that the most pleasing rectangular shape
is the one whose ratio of length to width is equal to the Golden Ratio.

The comparison of two ratios, such as AB/AC = AC/CB, is called a
proportion. Proportions are used in a number of practical ways. For example,
if 5 cans of tomato sauce cost 2 dollars, we can find the number of cans that
can be purchased with 10 dollars by comparing two ratios in a proportion:

5 cans of tomato sauce

2 dollars
=

x cans of tomato sauce

10 dollars

Any discussion of ratio involves comparing two quantities, so the units of
each quantity become extremely important. Two different systems of units are
used when measuring length, capacity, and time: the American system of units
and the metric system of units. In this chapter we will discuss both systems
and explain how to convert quantities measured in one system to quantities
measured in the other system.

Let’s begin the journey.
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6.1. INTRODUCTION TO RATIOS AND RATES 449

6.1 Introduction to Ratios and Rates

We use ratios to compare two numeric quantities or quantities with the same
units.

Ratio. A ratio is the quotient of two numerical quantities or two quantities
with the same physical units.

For example, ancient Greek geometers believed that the most pleasing rectangle
to the eye had length and width such that the ratio of length to width was a spe-
cific number, called the Golden Ratio, approximately equal to 1.6180339887.. . .
Architects to this day use this ratio in their designs.

There are a number of equivalent ways of expressing ratios, three of which
we will use in this text: fraction notation, “to” notation, and “colon” notation.

• 3/4 is a ratio, read as “the ratio of 3 to 4.”

• 3 to 4 is a ratio, read as “the ratio of 3 to 4.”

• 3:4 is a ratio, read as “the ratio of 3 to 4.”

You Try It!

EXAMPLE 1. Express each of the following ratios as a fraction reduced to Express 0.12 : 0.3 as a
fraction reduced to lowest
terms.

lowest terms: (a) 36 to 24, and (b) 0.12 : 0.18.

Solution

(a) To express the ratio “36 to 24” as a fraction, place 36 over 24 and reduce.

36

24
=

3 · 12

2 · 12
Factor.

=
3 ·��12

2 ·��12
Cancel common factor.

=
3

2

Thus, the ratio 36 to 24 equals 3/2.
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(b) To express the ratio “0.12:0.18” as a fraction, place 0.12 over 0.18 and
reduce.

0.12

0.18
=

(0.12)(100)

(0.18)(100)
Multiply numerator and denominator by 100.

=
12

18
Move each decimal 2 places right.

=
2 · 6

3 · 6
Factor.

=
2 · �6

3 · �6
Cancel.

=
2

3

Thus, the ratio 0.12:0.18 equals 2/3.Answer: 2/5

�

You Try It!

EXAMPLE 2. For the rectangle that follows, express the ratio of length toA rectangle has length 8 1

4

inches and width 3 1

2
inches.

Express the ratio of length
to width as a fraction
reduced to lowest terms.

width as a fraction reduced to lowest terms.

3 1

4
ft

2 1

2
ft

Solution. The ratio length to width can be expressed as a fraction and reduced
as follows.

length

width
=

3 1

4
ft

2 1

2
ft

Length to width as a fraction.

=
3 1

4 ft

2 1

2 ft
Cancel common units.

=

13

4

5

2

Mixed to improper fractions.
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Invert and multiply, factor, and cancel common factors.

=
13

4
·
2

5
Invert and multiply.

=
26

20
Multiply numerators and denominators.

=
13 · 2

10 · 2
Factor numerator and denominator.

=
13 · �2

10 · �2
Cancel common factors.

=
13

10

Hence, the ratio length to width is 13/10. Answer: 33/14

�

Rates

We now introduce the concept of rate, a special type of ratio.

Rate. A rate is a quotient of two measurements with different units.

The physical interpretation of a rate in terms of its units is an important skill.

You Try It!

EXAMPLE 3. An automobile travels 224 miles on 12 gallons of gasoline. Lanny travels 180 kilometers
on 14 liters of gasoline.
Express the ratio distance
traveled to gas consumption
as a fraction reduced to
lowest terms.

Express the ratio distance traveled to gas consumption as a fraction reduced
to lowest terms. Write a short sentence explaining the physical significance of
your solution. Include units in your description.

Solution. Place miles traveled over gallons of gasoline consumed and reduce.

224mi

12 gal
=

56 · 4mi

3 · 4 gal
Factor

=
56 · �4mi

3 · �4 gal
Cancel common factor.

=
56mi

3 gal

Thus, the rate is 56 miles to 3 gallons of gasoline. In plain-speak, this means Answer: 90/7 kilometers
per litre.that the automobile travels 56 miles on 3 gallons of gasoline.

�
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452 CHAPTER 6. RATIO AND PROPORTION

Unit Rates

When making comparisons, it is helpful to have a rate in a form where the
denominator is 1. Such rates are given a special name.

Unit Rate. A unit rate is a rate whose denominator is 1.

You Try It!

EXAMPLE 4. Herman drives 120 miles in 4 hours. Find his average rate ofJacob drives 120 kilometers
in 3 hours. Find his average
rate of speed.

speed.

Solution. Place the distance traveled over the time it takes to drive that
distance.

120miles

4 hours
=

30miles

1 hour
Divide: 120/4 = 30.

= 30miles/hour

Hence, Herman’s average rate of speed is 30 miles per hour.Answer: 40 kilometers per
hour.

�

You Try It!

EXAMPLE 5. Aditya works 8.5 hours and receives $95 for his efforts. WhatFrannie works 5.5 hours and
receives $120 for her efforts.
What is her hourly salary
rate? Round your answer to
the nearest penny.

is his hourly salary rate?

Solution. Let’s place money earned over hours worked to get the following
rate:

95 dollars

8.5 hours

We will get a much better idea of Aditya’s salary rate if we express the rate with
a denominator of 1. To do so, divide. Push the decimal in the divisor to the
far right, then move the decimal an equal number of places in the dividend. As
we are dealing with dollars and cents, we will round our answer to the nearest
hundredth.

11.176
85)950.000

85
100
85
15 0
8 5
6 50
5 95
550
510
40

11.1 7 6

Rounding digit

Test digit
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Because the test digit is greater than or equal to 5, we add 1 to the rounding
digit and truncate; i.e., 95/8.5 ≈ 11.18. Hence,

95 dollars

8.5 hours
=

11.18 dollars

1 hour
Divide: 95/8.5 ≈ 11.18.

= 11.18 dollars/hour.

That is, his salary rate is 11.18 dollars per hour. Answer: $21.82 per hour

�

You Try It!

EXAMPLE 6. One automobile travels 422 miles on 15 gallons of gasoline. A Alicia works 8 hours and
makes $100. Connie works
10 hours and makes $122.
Which woman works at the
larger hourly rate?

second automobile travels 354 miles on 13 gallons of gasoline. Which automo-
bile gets the better gas mileage?

Solution. Decimal division (rounded to the nearest tenth) reveals the better
gas mileage.

In the case of the first autombile,
we get the following rate:

422mi

15 gal

Divide.

28.13
15)422.00

30
122
120
2 0
1 5
50
45
5

To the nearest tenth, 28.1.

In the case of the second autombile,
we get the following rate:

354mi

13 gal

Divide.

27.23
13)354.00

26
94
91
3 0
2 6
40
39
1

To the nearest tenth, 27.2.

In the case of the first automobile, the mileage rate is 28.1mi/1 gal, which
can be read “28.1 miles per gallon.” In the case of the second automobile,
the mileage rate is 27.2mi/1 gal, which can be read “27.2 miles per gallon.”
Therefore, the first automobile gets the better gas mileage. Answer: Alicia

�
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454 CHAPTER 6. RATIO AND PROPORTION

§ § § Exercises § § §

In Exercises 1-24, express the given ratio as a fraction reduced to lowest terms.

1. 0.14 : 0.44

2. 0.74 : 0.2

3. 0.05 : 0.75

4. 0.78 : 0.4

5. 0.1 : 0.95

6. 0.93 : 0.39

7. 2 2

9
: 1 1

3

8. 3 2

3
: 2 4

9

9. 0.36 : 0.6

10. 0.58 : 0.42

11. 15 : 21

12. 77 : 121

13. 2 8

9
: 2 2

3

14. 1 2

3
: 3 8

9

15. 3 8

9
: 2 1

3

16. 1 5

9
: 1 1

3

17. 2 5

8
: 1 3

4

18. 2 4

9
: 1 1

3

19. 10 : 35

20. 132 : 84

21. 9 : 33

22. 35 : 10

23. 27 : 99

24. 12 : 28

25. One automobile travels 271.8 miles on 10.1
gallons of gasoline. A second automobile
travels 257.9 miles on 11.1 gallons of gaso-
line. Which automobile gets the better
gas mileage?

26. One automobile travels 202.9 miles on 13.9
gallons of gasoline. A second automobile
travels 221.6 miles on 11.8 gallons of gaso-
line. Which automobile gets the better
gas mileage?

27. Todd is paid 183 dollars for 8.25 hours
work. What is his hourly salary rate,
rounded to the nearest penny?

28. David is paid 105 dollars for 8.5 hours
work. What is his hourly salary rate,
rounded to the nearest penny?

29. An automobile travels 140 miles in 4
hours. Find the average rate of speed.

30. An automobile travels 120 miles in 5
hours. Find the average rate of speed.

31. Judah is paid 187 dollars for 8 hours work.
What is his hourly salary rate, rounded to
the nearest penny?

32. Judah is paid 181 dollars for 8.75 hours
work. What is his hourly salary rate,
rounded to the nearest penny?

33. One automobile travels 234.2 miles on 10.8
gallons of gasoline. A second automobile
travels 270.5 miles on 10.8 gallons of gaso-
line. Which automobile gets the better
gas mileage?

34. One automobile travels 297.6 miles on 10.7
gallons of gasoline. A second automobile
travels 298.1 miles on 12.6 gallons of gaso-
line. Which automobile gets the better
gas mileage?
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6.1. INTRODUCTION TO RATIOS AND RATES 455

35. An automobile travels 180 miles in 5
hours. Find the average rate of speed.

36. An automobile travels 220 miles in 5
hours. Find the average rate of speed.

37. Antarctic trek. Seven women on a 562-mile Antarctic ski trek reached the South Pole 38 days
after they began their adventure. What was the ladies’ average rate of speed per day? Round your
result to the nearest tenth of a mile. Associated Press-Times-Standard 12/31/09 After 562-mile
ski trek, seven women reach the South Pole.

§ § § Answers § § §

1.
7

22

3.
1

15

5.
2

19

7.
5

3

9.
3

5

11.
5

7

13.
13

12

15.
5

3

17.
3

2

19.
2

7

21.
3

11

23.
3

11

25. The first automobile has the better
mileage per gallon.

27. 22.18 dollars/hr

29. 35mi/hr

31. 23.38 dollars/hr

33. The second automobile has the better
mileage per gallon.

35. 36mi/hr

37. 14.8 miles per day
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